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Abstra
tIn linkage analysis or, in a wider sense, gene mapping one sear
hes for diseaselo
i along a genome. This is done by observing so 
alled marker genotypesand phenotypes of a pedigree set, i.e. a set of multigenerational families, inorder to lo
ate the lo
i 
orresponding to the underlying disease genes or, atleast, to narrow down the interesting genome regions.In this 
ontext the key 
on
ept is the geneti
 inheritan
e of alleles withrespe
t to the phenotype out
omes. A signi�
ant deviation from what isexpe
ted under random inheritan
e is taken as statisti
al eviden
e of existinggeneti
 
omponents suggested to be lo
ated at the lo
i giving signi�
antresults.In this thesis introdu
tion we begin by outlining the needed geneti
alfoundation of statisti
al geneti
s as well as some basi
 
on
epts, for instan
e,the pro
ess of alleli
 inheritan
e, the geneti
 model, the pedigree set, theinheritan
e ve
tor and various types of geneti
 information. Next, we givean introdu
tion to one-lo
us nonparametri
 linkage analysis fo
using on sig-ni�
an
e 
al
ulations of nonparametri
 linkage (NPL) s
ores and, moreover,make some 
omments on the generalizations to two-lo
us pro
edures andthe, related but 
ontrasting, approa
h of parametri
 linkage analysis. In thethird se
tion we very brie�y dis
uss some 
ompeting and 
omplementary sub-�elds within the 
ontext of statisti
al geneti
s and �nally we put the papersin
luded in this thesis into 
ontext by summarizing their 
ontent.
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1 GENETICS 21 Geneti
sIn this introdu
tory se
tion we will present some ba
kground notation andinformation, hopefully laying the foundation for subsequent understanding,possibly in
reasing the utility, of the material to 
ome. More thorough anddetailed treatments of in
luded topi
s are e.g. given in the textbooks Sham(1998), Ott (1999), Almgren et al. (2003), Stra
han and Read (2003) andHaines and Peri
ak-Van
e (2006).1.1 Basi
 Notation and Key Con
eptsThe human genome, i.e. operating manual, 
onsists of 23 pair of 
hromo-somes. In total 22 pairs are so 
alled autosomes whi
h are stru
turally equalwith respe
t to the sexes, whereas 1 pair 
onstitutes the sex-
hromosomeswhi
h are 
ontent-wise sex-dependent. Throughout this work we will only
onsider autosomes. The main 
hemi
al stru
ture of the 
hromosomes is thedeoxyribonu
lei
 a
id (DNA), whi
h is based on units 
alled nu
leotides thatea
h 
onsists of a sugar (deoxyribonu
lei
), a phosphate and a nitrogeneousbase. There are 4 possible bases available: adenine (A), 
ytosine (C), guanine(G) and thymine (T).The physi
al stru
ture of DNA is a
tually double-stranded, in the formof a double-helix, but sin
e the two strands are stri
tly 
omplementary1 onemight look at the 
hromosomal DNA as a single sequen
e of nu
leotidesrepresented by the underlying bases. An alternative, but essentially similar,view is to 
onsider the whole (or parts of the) sequen
e as a word writtenusing the {A, C, G, T}-alphabet.The geneti
 
ode is organized into nu
leotide-triplets, 
odons, whi
h 
odefor spe
i�
 amino a
ids. Obviously we may de�ne 43 = 64 di�erent 
odons,but the 
ode is degenerate in the sense that only 20 di�erent amino a
idsmay be produ
ed. This follows sin
e several 
odons may 
ode for the sameamino a
id and some 
odons serve as 
ode pun
tuation.2In total the human genome 
onsists of approximately 3×109 base pairs (bp).31The geneti
 
odes with respe
t to the two strands are stru
turally equivalent sin
e theonly admissible bonds between these strands are A− T and C −G.2Start and stop 
odons, whi
h tell the 
ode interpreter to start or stop reading, i.e. tobegin or end a 
oding region.3One base-pair may be seen as one single position in the DNA sequen
e or, equivalentlyunderstood, as one letter in the genomewide geneti
 word, i.e. as one instan
e of either A,



1 GENETICS 3A gene is a sequen
e of DNA, i.e. a unique amino a
id sequen
e, at a spe
i�
genome position whi
h spe
i�es the fun
tion and stru
ture of a subunit in aprotein. Some genome regions are in this sense informative 
oding regions(exons) and the spa
e between them are non
oding regions (introns). Re
entinvestigations spe
ify the number of distin
t genes to be about 20000-25000(International Human Genome Sequen
ing Consortium, 2001, 2004). Thea
tual nu
leotide-length of genes shows great variation.A well-de�ned position4 on the genome is 
alled a lo
us (pl. lo
i). Lo
i lo-
ated on the same 
hromosome are synteni
. The opposite (
omplementary)term is nonsynteni
. At ea
h lo
us a human-being hosts two alleles.5 Thesealleles 
onstitute the individual's genotype. Di�erent nu
leotide sequen
es atthe same lo
us give rise to di�erent alleli
 variants (polymorphisms). If agenotype 
onsists of two 
opies of the same alleli
 variant it is 
alled homozy-gous, otherwise it is heterozygous.At a lo
us we may assume that the geneti
 variation is summarized by adi�erent alleli
 variants A1, A2, . . . , Aa. For an allele of a randomly 
hosenindividual, these variants o

ur with probabilities p1, p2, . . . , pa. A 
ommon
riterion of a polymorphi
 lo
us is that a ≥ 2 and pi ≤ 0.95 (∀i), but some-times a slightly less restri
tive 
onstraint on the probabilities is used (e.g.
pi ≤ 0.99). The number of distin
t genotypes is a(a + 1)/2.6A general probabilisti
 assumption on the formation of distin
t genotypesis the Hardy-Weinberg equilibrium (HWE):De�nition 1. HWE means that the genotype probabilities are dire
tly pro-portional to the two 
orresponding allele frequen
ies, i.e. P (AiAi) = p2

i and
P (AiAj) = 2pipj (i 6= j).Considering a randomly 
hosen individual this re�e
ts a 
ompletely ran-dom formation of a genotype given the set of allele frequen
ies.7
C, G or T .4Should be understood as a small 
hromosomal segment.5This makes the human organism a diploid spe
ies.6Distin
t here means that the unordered genotypes are di�erent, i.e. the genotypes
AiAj and AjAi are not distin
t.7The genotype's se
ond allele is not dependent on the �rst alleli
 out
ome.



1 GENETICS 41.2 The Inheritan
e of AllelesOf the 46 human 
hromosomes 23 are inherited from the father8 (pater-nal 
hromosomes) and 23 are inherited from the mother (maternal 
hromo-somes). This implies that for ea
h individual, at ea
h lo
us, the genotype
onsists of one paternal and one maternal allele. A simple inheritan
e exam-ple is given in Figure 1. Knowledge of the parental origins of an individual'salleles implies that one may form an ordered genotype where the so 
alledphase is known. More generally, knowledge of an individual's ordered geno-types at several synteni
 lo
i implies that one may infer the 
orrespondinghaplotypes, see Figure 2.
AB BC

BBBC

BD

D: maternal 

affected
woman

man
unaffected

B D: alleles 

CD

B: paternal 

Figure 1: An example of the inheritan
e of alleles for a single small pedigree.Ea
h 
hromosome 
onsists of mixed segments from the two 
orrespondinggrandparents. In other words there is a blo
kwise 
hromosomal inheritan
eof alleles inter
hangingly from both the grandparental 
hromosomes. Thepositions where one blo
k ends and a new one starts are 
alled 
rossovers.This behaviour is explained by the biologi
al pro
ess of the formation ofgametes, i.e. sperm and ovum 
ells, whi
h is 
alled meiosis.During meiosis all the 
hromosomes are dupli
ated and then the homolo-gous 
hromosomes pair up, i.e. we have initially an arrangement of four (2×2)DNA strands known as 
hromatids. Now, some physi
al 
onta
t between8One from ea
h pair of homologous 
hromosomes.
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Figure 2: An example of the inheritan
e of haplotypes for a single smallpedigree. We assume that the founder genotypes are phase-unknown. Thisis typi
ally the 
ase unless information from previous generations is available.nonidenti
al 
hromatids may o

ur. These positions are known as 
hiasmataand 
orrespond to 
rossovers. Moreover, there is at least one 
hiasmata per
hromosome pair. Finally, one of these geneti
ally mixed 
hromatids is 
ho-sen, so to speak, for reprodu
tion. This 
omplex pro
ess is s
hemati
allyshown in Figure 3.Inheritan
e at di�erent 
hromosomes is independent. For ea
h 
hromo-some, o

urren
e of a 
rossover at a lo
us usually lowers the probability ofhaving a se
ond 
rossover in 
lose vi
inity of this lo
us. This phenomenon isreferred to as positive 
hiasma interferen
e. Moreover, the human genomehosts both so 
alled hot spots and 
old spots, whi
h are 
hromosomal regionswith high and low intensity of 
rossovers respe
tively. Often it is a good ap-proximation to ignore 
hiasma interferen
e and assume that 
rossovers o

urrandomly a

ording to a Poisson pro
ess. If variation of spot temperature isignored as well, the Poisson pro
ess has 
onstant intensity.Equipped with the 
on
ept of 
rossovers one may introdu
e a new measureof distan
e. The geneti
 distan
e g is measured in units of Morgans,9 based onthe 
on
ept of expe
ted number of 
rossovers between lo
i. Formally, giventwo lo
i, l1 and l2, lo
ated 1 Morgan from ea
h other, there is an expe
ted9The alternatively used physi
al distan
e is simply measured in base-pairs.



1 GENETICS 6
A A

B B

C C
D D

a a

b b

c c

d d

A

B

C

D

A

B

C
D

a

b

c
d

a

b

c

d

A A a a

B Bb b

C C

D D

c c

d d

E Ee e

1 2

3

Figure 3: A simple overview of a single meiosis: 1) The repli
ated homol-ogous 
hromosomes pair up. 2) Some physi
al 
onta
t at 
hiasmatas o

urbetween the two pairs of 
hromatids. 3) Four mixed strands of DNA readyfor reprodu
tion.number of 1 
rossover for ea
h meiosis, with respe
t to the a
tually inherited
hromatid, between these lo
i. Sin
e 
rossovers o

urs with higher intensityfor females than for males, this distan
e measure is really sex-dependent, butoften one uses sex-averaged numbers. Adopting the latter approa
h givesus a total geneti
 length of 35.75 Morgans of the human autosomes (Collinset al., 1996). On average 1cM = 0.01M 
orresponds to a physi
al distan
eof 106bp although the intensity of 
rossovers varies along a 
hromosome.Alternatively one may de�ne genomi
 distan
e using the 
on
ept of re-
ombination. If the alleles transmitted by a parent at two lo
i, l1 and l2, areinherited from the same grandparent they are said to be nonre
ombinants.Otherwise, they are referred to as re
ombinants. If a re
ombination has o
-
urred between l1 and l2 we know, by de�nition, that there has been an oddnumber of 
rossovers between them.The probability of re
ombination between two arbitrary lo
i l1 and l2 is
alled the re
ombination fra
tion and is denoted by θ = θ(l1, l2). Obviously,a

ording to the blo
kwise inheritan
e, this parameter is an in
reasing fun
-



1 GENETICS 7tion of the geneti
 distan
e between the lo
i.Normally there is a one-to-one fun
tion between the re
ombination fra
-tion and the geneti
 distan
e. The link between these 
on
epts is 
alled themap fun
tion. Several suggested map fun
tions exist in the literature, ea
h
hoi
e 
orresponding to a spe
i�
 way of modeling 
rossovers.The most 
ommon one, whi
h we ex
lusively use in this thesis, is theHaldane map fun
tion (Haldane, 1919), de�ned by,
g = −1

2
ln(1− 2θ), (1)where g is the geneti
 distan
e. This fun
tion 
orresponds to la
k of inter-feren
e and, as pointed out above, for ea
h 
hromosome yields a Poisson(g)distributed number of 
rossovers between l1 and l2. From this follows thatthe distan
e between 
rossovers with respe
t to a single meiosis is exponen-tially distributed.10 Other well-known map fun
tions are de�ned by Morgan(1928) and Kosambi (1944). The Morgan fun
tion,

g = θ,is valid if ex
luding multiple 
rossovers (
omplete interferen
e) and maytherefore be used as an approximation over short distan
es. Somewhat moreinvolved is the Kosambi fun
tion,
g =

1

4
ln

(

1 + 2θ

1− 2θ

)

,whi
h models interferen
e as being large at small distan
es, then de
reasingwith distan
e.To prove (1), we noti
e that an odd number of 
rossovers c is neededbetween two lo
i for them to be re
ombinant. If the 
rossovers are purelyrandom (no interferen
e) they follow a Poisson pro
ess with expe
ted value
g = E(c). This gives,

θ =
∞
∑

i=1

P (c = 2i− 1|g) =
∞
∑

i=1

exp(−g)g2i−1/(2i− 1)!

=

[

1− exp(−2g)

2

]

⇒ g = −1

2
ln(1− 2θ),10With intensity and mean value 1 if measured in Morgans. If using 
entiMorgans thesenumbers will be 0.01 and 100 respe
tively.



1 GENETICS 8where we used that ∑∞
i=1 g2i−1/(2i − 1)! = 1

2
[exp(g)− exp(−g)], whi
h isbased on standard Taylor expansions.Looking at (1), and most of its existing alternatives, one may note that

0 ≤ θ ≤ 0.5 is required.11 This is no 
oin
iden
e sin
e generally two lo
i,
l1 and l2, are 
onsidered to be unlinked, i.e. the inheritan
e at these lo
i areindependent, if θ = 0.5. This is interpreted as the distan
e between theselo
i being in�nitely large, g(l1, l2) =∞, or that there is an in�nite expe
tednumber of 
rossover between them, meaning that they are lo
ated on di�erent
hromosomes. The other extreme 
ase is θ = 0 whi
h 
orresponds to l1 = l2,i.e. inheritan
e at these lo
i is 
ompletely dependent or linked. Intuitivelythis seems surprising, but it makes sense when we 
ompare a hypotheti
aldisease lo
us with a so 
alled marker lo
us in 
lose vi
inity.1.3 Mendel, Markers and General InformationIn one sense modern resear
h in geneti
s started with the Austrian monkJohann Gregor Mendel's (1822-1884) publi
ation on the inheritan
e in thepea plant (Mendel, 1866). He observed the behaviour of random inheritan
e(RI) and independent assortment (IA), whi
h today are known as the �rstand se
ond Mendelian laws on inheritan
e. Next, we will formally de�nethese 
on
epts and also introdu
e what is known as the assumption of randommating (RM).De�nition 2. RI means that the parental alleles are transmitted with equalprobabilities to the o�spring and this is done in an independent way when
onsidering multiple o�spring.De�nition 3. IA means that normally the inheritan
e at distin
t lo
i areperformed in an independent way. Devian
es from this rule is referred to asgeneti
 (or physi
al) linkage.De�nition 4. RM means that the mating of parents is not dependent ongeneti
 fa
tors, i.e. the probability that a mating 
ouple has genotypes GP(paternal) and GM (maternal) is P (GP )P (GM).Consider |l| di�erent lo
i. If we denote the number of alleli
 variants at the
ith lo
us with ai, then we may form h = a1a2 · · ·a|l| distin
t haplotypes. This11In some 
ases with interferen
e present, one may �nd θ > 0.5. Generally this theo-reti
al possibility is not 
onsidered to be of pra
ti
al importan
e in the 
ontext of linkageanalysis (Ott, 1999).



1 GENETICS 9gives a total number of h(h+1)/2 di�erent multi-lo
i genotypes and leads tothe de�nition of so 
alled alleli
 asso
iation (AA) or linkage disequilibrium(LD).De�nition 5. AA (or LD) means that the probability for at least one hap-lotype Ai1Ai2 · · ·Ai|l| of a randomly 
hosen individual satis�es,
P
(

A1
i1
A2

i2
· · ·A|l|

i|l|

)

6= p1
i1
p2

i2
· · · p|l|i|l|

.Here ij ∈ {1, 2, . . . , aj} is an index number and Aj
ij
the 
orresponding alleli
variant at the jth lo
us whi
h o

urs with probability pj

ij
.Assume we want to perform a genome s
an with respe
t to a genomeregion Ω. In order to do so we have to de�ne geneti
 markers throughout Ω,fa
ilitating the investigation of inheritan
e at these positions. A marker is alo
us of known 
hromosomal position, where it is possible to measure alleli
out
omes and where the population shows alleli
 variation, i.e. ea
h markerlo
us is polymorphi
.In order to perform linkage analysis one needs to de�ne polymorphi
 mark-ers throughout Ω, estimate allele frequen
ies 
orresponding to all possiblealleli
 variants at in
luded markers and use this set of markers to produ
ea marker map.12 This involves: (i) Ordering the markers with respe
t to
hromosomal position. (ii) Spe
ifying the distan
es between ea
h 
onse
u-tive pair of markers. If this is done using geneti
 distan
es one has produ
eda geneti
 marker map, whereas a physi
al marker map measures distan
es inbase-pairs.13The degreee of polymorphism of a marker at lo
us x ∈ Ω, with a alleli
variants and 
orresponding allele frequen
ies p1, p2, . . . , pa, may be de�ned indi�erent ways: (i) Through the heterozygosity (H) value,

H(x) = 1−
a
∑

i=1

p2
i . (2)12Stri
tly speaking, a marker map is only needed when performing multipoint analyses.13Several di�erent te
hniques for measuring or 
onstru
ting genotyping markers ex-ist. This in
ludes, for example, restri
tion fragment lengths polymorphisms (RFLPs),mi
rosatellite markers and single nu
leotide polymorphisms (SNPs). See Stra
han andRead (2003) and Haines and Peri
ak-Van
e (2006).



1 GENETICS 10This is the probability for an arbitrary individual of being heterozygote atlo
us x. (ii) Through the polymorphism information 
ontent (PIC) value,
PIC(x) = 1−

a
∑

i=1

p2
i −

a−1
∑

i=1

a
∑

j=i+1

2p2
i p

2
j , (3)where the last sum is the probability that a 
hild's genotype is heterozygouswith unknown phase.14 Both (2) and (3) quantify marker informativity onthe population level.1.4 The Geneti
 ModelUsually in linkage analysis one investigates inheritan
e of alleles with respe
tto a given disease. More generally one may divide the set of individualsin the study with respe
t to their phenotypes. This is a non-geneti
allyobservable quantity that may be qualitative or quantitative. Throughoutthis text we will only 
onsider the binary qualitative phenotype of a�e
tionstatus. Typi
al examples of a quantitative phenotypes are body-mass-index(BMI) and body weight.For an underlying disease to be geneti
ally inheritable, i.e. to in
lude a ge-neti
 
omponent, some kind of 
orrelation between the phenotype and the dis-ease genotypes must exist. This is des
ribed by means of a geneti
 model λ.One may note that λ usually, at least to some extent, is unknown so, ifneeded, it is estimated prior to analysis using so 
alled segregation analysis.Moreover, the disease may be governed by one or several di�erent possiblyintera
ting genes, monogeni
 and polygeni
 diseases respe
tively. The latter
ase is also referred to as a 
omplex disease. If several distin
t alleli
 variantsat the same lo
us are sus
eptible with respe
t to the disease we speak of al-leli
 heterogeneity and if more than one lo
us independently are sus
eptibleto the disease we phrase this as lo
us heterogeneity.The 
omplete geneti
 model may be summarized as,

λ = (p, f, l), (4)where p is the set of disease allele frequen
ies, f is the set of penetran
evalues, des
ribing the link between phenotypes and disease genotypes, and14Ea
h term 
orresponds to the probability that: (i) An arbitrary pair of parents hasthe unordered-genotype mating-type AiAj ×AiAj (i < j). (ii) A 
orresponding o�springinherits the uninformative unordered-genotype AiAj .
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l de�nes the disease lo
i positions. We will now more formally des
ribethese 
omponents for the one-lo
us (monogeni
) 
ase and then make some
omments about the two-lo
us 
ase.One-Lo
us Case Generally one assumes a bialleli
 disease lo
us with dis-ease allele D and normal (wild-type) allele d. The disease allele frequen
y isdenoted by p = P (D) and the normal allele frequen
y by q = 1−p = P (d).15The probabilisti
 link between the disease phenotypes and genotypes isgiven by the penetran
e ve
tor,

f = (f0, f1, f2), (5)where fi = P (a�e
ted | i disease alleles). This gives the disease stru
ture,whereas the disease allele frequen
y, with respe
t to this stru
ture, de
ideshow 
ommon the disease will be. Finally, in this 
ase l = l1 gives the a
tuallo
ation of the single disease lo
us.Another parameter of interest is the prevalen
e K, i.e. the geneti
ally-un
onditional population-wise probability of disease, de�ned as,
K = f0q

2 + f12pq + f2p
2.If there is no geneti
 
omponent of the disease,

f = (f0, f1, f2) = (K, K, K).Two-Lo
us Case This is a straightforward generalization of the one-lo
us
ase. The disease alleles are denoted D1 and D2, where Di is the disease alleleat the ith disease lo
us, having disease allele frequen
y parameter p = (p1, p2)with p1 = P (D1) and p2 = P (D2).The penetran
e ve
tor in (5) is generalized to a 3× 3 penetran
e matrix,
f =





f00 f01 f02

f10 f11 f12

f20 f21 f22



 ,where fij = P (a�e
ted | i of D1, j of D2).Finally, l = (l1, l2) denotes the 
hromosomal positions of the two diseaselo
i. Often l1 and l2 are assumed to be nonsynteni
, i.e. c(l1) 6= c(l2) where
c(x) is the 
hromosome where x is lo
ated.15In general D and d may be thought of as 
olle
tions of several di�erent alleli
 variantswith similar phenotypi
 e�e
ts.



1 GENETICS 121.5 The Pedigree Set and Allele-SharingWe assume there is phenotype and genotype information from a given pedigreeset, whi
h is a set of (possibly) multigenerational families. See Figure 4 foran example.
1

2

3

4 5

6

7

− male

− affected

− unaffected

− female

Figure 4: A pedigree set 
onsisting of seven di�erent pedigrees of varyingpedigree stru
ture and phenotypi
 
on�gurations.Ea
h pedigree may be divided into subsets of founders and nonfounders,where the parents of the founders are not in
luded in the pedigree, whereasboth of the parents of a nonfounder are. The inheritan
e within a pedigreemay be seen as the distribution of alleles from the founders to the 
orre-sponding nonfounders (des
endants).Family-based gene mapping is, expli
itly or impli
itly, based on allele-sharing between individuals in a pedigree. In this 
ontext, we say that:(i) Two individuals share an allele identi
al-by-des
ent (IBD) if they haveboth inherited exa
tly the same allele, i.e. an identi
al founder allele, froma 
ommon an
estor. (ii) Two individuals share an allele identi
al-by-state(IBS) if they have both inherited a 
ommon alleli
 variant.Obviously IBD is a stronger sharing property than IBS, sin
e sharingan allele IBD implies sharing IBS as well. Throughout this text we willex
lusively be interested in test statisti
s based on IBD-sharing sin
e they are
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ient for testing geneti
 linkage. A simple example of allele-sharingIBD and IBS is given in Figure 5. Moreover, given the pedigree stru
ture
1 2

3 4

(i) 1 and 2 share:

0 alleles IBD.
     1 allele IBS,

(ii) 3 and 4 share:
      1 allele IBS,
      1 allele IBD.

4 3 2 4

3 44 4 Figure 5: An allele-sharing example of an a�e
ted sib-pair (ASP) pedigree.the IBD-sharing is 
ompletely explained by the 
orresponding inheritan
eve
tor, whi
h will be introdu
ed and explained in the next subse
tion.Consider an a�e
ted sib-pair (ASP) pedigree, see Figure 5. In the one-lo
us 
ase, the sib-pair may share either 0, 1 or 2 alleles IBD. This may besummarized in the IBD-sharing ve
tor,
z = (z0, z1, z2); where 2

∑

i=0

zi = 1, (6)and zi is the probability for the ASP to share i alleles IBD at the disease lo
us.In the two-lo
us 
ase one may generalize (6) to the IBD-sharing matrix,
z =





z00 z01 z02

z10 z11 z12

z20 z21 z22



 ; where 2
∑

i,j=0

zij = 1, (7)and zij is the probability for the ASP of sharing i and j alleles at the 1st and
2nd disease lo
us respe
tively. The IBD-sharing ve
tor (matrix) z dependson the geneti
 model λ and the lo
us (lo
i) at whi
h IBD-sharing is (are)evaluated. Dis
ussions on further 
onstraints on z are given, for instan
e,by Holmans (1993), Dudoit and Speed (1998) and Bengtsson (2001). Su
h
onstraints are indu
ed by sets of valid disease models. A 
lassi
 referen
ewith respe
t to one-lo
us IBD-sharing is Suarez (1978).



1 GENETICS 14Example 6. Introdu
e z′ = (z′0, z
′
1, z

′
2), where z′i is the probability for anASP of sharing i alleles IBS under the null hypothesis of no linkage (ran-dom inheritan
e), 
onditioned on the founder alleles. Now look at the threeASP pedigrees in Figure 6. From left to right, the IBS-sharing probabili-ties are z′ = (0.25, 0.5, 0.25), z′ = (0.125, 0.5, 0.375) and z′ = (0, 0, 1) re-spe
tively. Contrastingly, the 
orresponding IBD-sharing ve
tor (6) equals

z = (0.25, 0.5, 0.25) for all three pedigrees.
C D  A B A B A B  A A A A  

Figure 6: Three ASP pedigrees with di�erent founder-allele 
on�gurations.We end this subse
tion with a few words on a 
ommon abuse of notation.Generally one uses the notion allele for two distin
t purposes: (i) For the typeof allele, i.e. the a
tual alleli
 variant. Examples: A, B, 1 or 2. (ii) For theorigin of the allele, i.e. the a
tual an
estral founder allele. Examples: 'Thepaternal allele of the third founder' or 'The �fth founder allele'. In thisrespe
t IBD and IBS analysis 
orrespond to allele-sharing with respe
t toalleli
 origin and type respe
tively.1.6 The Inheritan
e Ve
tor and Entropy-Based Infor-mation ContentsConsider a pedigree 
onsisting of n individuals, in
luding f founders and n−fnonfounders. There are m = 2(n− f) meioses asso
iated with the pedigree,sin
e ea
h nonfounder inherits one paternal and one maternal allele.One of the 
ore 
on
epts in this thesis is the inheritan
e ve
tor v(x) (Don-nelly, 1983). This binary 0-1 ve
tor e�
iently summarizes all the inheritan
einformation at lo
us x for a single pedigree as,
v(x) = (p1, m1, p2, m2, . . . , pn−f , mn−f), (8)where pi and mi 
orrespond to the ith nonfounder's paternal and maternalallele respe
tively, i.e. ea
h value is 
onne
ted to a spe
i�
 meiosis.
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m_1

p_1

p_1

1 1

0 1 0

0 0

1 0

010

locus x

crossovers

Inheritance information from 
the first nonfounder, i.e.

meiosis 2

meiosis 1

meiosis 2

Chromosome 2

Chromosome 1

From grandfather  
From grandmother

locus x

meioses number 1−2.

m_1

meiosis 1

Figure 7: A s
hemati
 arti�
ial inheritan
e ve
tor example of two 
hromo-somes and two meioses.At a 
rossover point v(x) will 
hange sin
e the 
orresponding meiosis, pior mi for some i, swit
hes between 0 and 1. We let 0 and 1 
orrespondto inheriting the grandpaternal and grandmaternal allele respe
tively. Giventhe inheritan
e ve
tor and pedigree stru
ture, the IBD sharing in the pedigreeis unambiguous, i.e. known with probability one. A s
hemati
 overview isgiven in Figure 7 and a small pedigree example in Figure 8.16Given data, measures on the lo
us-spe
i�
 information 
ontent or markerdata information may be based on the 
ertainty of the out
ome of v(x).Here we will present the entropy-based information measure IE of Kruglyaket al. (1996). For further dis
ussion and suggestions of other informationmeasures, see Teng and Siegmund (1998), Ni
olae et al. (1998), Ni
olae(1999) and Ni
olae and Kong (2004).16Simultaneously 
onsidering |l| synteni
 lo
i x = (x1, x2, . . . , x|l|), the 
omplete inheri-tan
e pi
ture is summarized by the m× |l| inheritan
e matrix,
v(x) =

[

v(x1)
T , v(x2)

T , . . . , v(x|l|)
T
]

,where the ith row and jth 
olumn 
orrespond to the equally indexed meiosis and inheri-tan
e ve
tor (8) respe
tively.
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affected
woman

man
unaffected

1 2 3 1

2 3 2 41 1

1 4

4 : maternal         
Alt.: (i) v(x)=(1,0,0,1,0,1)  
       (ii) v(x)=(1,0,0,1,1,1)

1 2

3

1 : paternal 

1 4 : alleles 

Figure 8: An inheritan
e ve
tor example of a small three-generational pedi-gree. In the ideal 
ase when the phase of all founders is known, only twodi�erent inheritan
e ve
tors are possible given marker genotype data.De�nition 7. Considering a dis
rete probability distribution based on |y|distin
t out
omes y1, y2, . . . , y|y| with probabilities p1, p2, . . . , p|y|, where pi =

P (yi). The entropy E (Shannon, 1948; Kullba
k, 1968) with respe
t to thisdistribution is,
E = −

|y|
∑

i=1

pi log2 pi. (9)The minimum value 0 of (9) is attained when the py-distribution is one-pointand the maximum log2(|y|) is attained when the distribution is uniform.In our 
ase, for a single pedigree, we fa
e m = 2(n − f) meioses andtherefore |y| = 2m di�erent valid out
omes of the 
orresponding inheritan
eve
tor, w1, w2, . . . , w2m, with probabilities,
pi = P (v(x) = wi|MD); i = 1, 2, . . . , 2m, (10)where MD is the marker data. The entropy-based information 
ontent isgiven by,

IE(x) =
E0 −E(x)

E0 − Emin
, (11)where E(x) is the observed entropy at lo
us x , E0 its maximal possible value

m and Emin its minimal value. When the phase of all founders is known we



1 GENETICS 17put Emin = 0. In general, however, the phase of all founders is unknownand Emin = f , sin
e swit
hing of founder alleles results in 2f equally likelyinheritan
e ve
tors. In any 
ase, IE(x) ranges from 0 (no marker information)to 1 (
omplete marker information).1.7 How to Colle
t InformationThere are two distin
t ways of 
olle
ting or extra
ting the available inheri-tan
e information from the 
omplete set of genotypes in the pedigree set: (i)Single-point analysis, where for ea
h lo
us x one uses only marker genotypesat this lo
us when re
onstru
ting the inheritan
e distribution (10). (ii) Mul-tipoint analysis, where for ea
h lo
us x one uses all marker genotypes from
hromosome c(x) when de�ning algorithms for 
omputing the inheritan
edistribution (10).Given a well-de�ned geneti
 marker map and assuming no interferen
e,whi
h leads to the Haldane's map fun
tion (1), one may use that, for ea
hpedigree, the inheritan
e pro
ess {v(x); x ∈ Ω} over the genomi
 region Ωis a time-homogeneous Markov 
hain with state-spa
e de�ned by the 2m in-heritan
e ve
tors. Given data, one 
al
ulates a multipoint-based inheritan
edistribution (10) using the theory of hidden Markov models (HMM) by in-terpreting marker genotypes and inheritan
e ve
tors as observed and hiddenvariables respe
tively. The transition matri
es between markers may eas-ily be derived assuming a Poisson distributed number of 
rossovers between
onse
utive markers.17An original HMM-algorithm performing this task was presented by Landerand Green (1987). A detailed review was re
ently published in the textbookof Ziegler and Koenig (2006). Later, this algorithm has been updated withseveral speed-ups. Some extensions are des
ribed, for instan
e, by Kruglyaket al. (1995, 1996), Kruglyak and Lander (1998), Gudbjartsson et al. (2000)and Abe
asis et al. (2002). General HMM-theory, implementations and ap-pli
ations are dis
ussed, for example, by Rabiner (1989) and Cappé et al.(2005). An alternative algorithmi
 approa
h for 
omputing the inheritan
edistribution (10) was introdu
ed by Elston and Stewart (1971). The 
om-plexity of this algorithm in
reases only linearly with in
reasing pedigree size17The relation between hidden and observed variables may be analyzed by 
he
king the
onsisten
y between all possible founder genotype 
on�gurations and inheritan
e ve
tors,see Sobel and Lange (1996) and Kruglyak et al. (1996) for details.



2 NONPARAMETRIC LINKAGE ANALYSIS 18but exponentially with the number of markers. The opposite is true for theLander-Green algorithm.
AB
AC

CD
AC

BC AD
ACAC

locus y
locus x

Figure 9: An ASP pedigree, being used in Example 8 for some simple mul-tipoint 
al
ulations for lo
i x and y.Example 8. Consider the ASP pedigree of Figure 9 and two lo
i x and ywith re
ombination fra
tion θ between them. Assume that the phase of theparental genotypes is known, with the 
onvention that the left haplotype is thepaternal one. Now, with probability one v(x) = (1, 0, 0, 1) and the possibilitiesof 
onsistent inheritan
e ve
tors for v(y) are,(1,0,0,1), (1,0,1,0), (0,1,0,1), (0,1,1,0).Using multipoint analysis the 
orresponding probabilities are,
(1− θ)4, (1− θ)2θ2, θ2(1− θ)2, θ4,whereas if using single-point analysis at y all four out
omes above are equallylikely.The multipoint approa
h in
reases the information 
ontent (11) and hen
eextra
ts available information more e�
iently at the pri
e of in
reased 
om-putational 
omplexity.2 Nonparametri
 Linkage AnalysisLinkage analysis aims at using statisti
al approa
hes to �nd lo
us (lo
i)involved in the geneti
 
omponent of a disease under study. Qualitative-phenotype linkage analysis may be performed in two quite di�erent ways,



2 NONPARAMETRIC LINKAGE ANALYSIS 19the parametri
 and the nonparametri
 way, making di�erent assumptionsprior to the analysis. In this thesis we adopt the nonparametri
 approa
h.The term nonparametri
 refers to the fa
t that no expli
it assumptionson the underlying geneti
 model λ in (4) are made and 
orresponding non-parametri
 statisti
al tests usually depend on the 
on
ept of allele-sharingIBD. To perform a test, the a
tual sharing in the pedigree set is 
al
ulatedand 
ompared, through a properly 
hosen test statisti
, with the expe
tedsharing under the null hypothesis. In nonparametri
 linkage analysis geneti
linkage at lo
us x means that the inheritan
e of alleles at x is 
orrelated withthe phenotype of interest.This implies, for properly de�ned disease phenotypes and geneti
 models,that on average two a�e
ted individuals will share more alleles than is ex-pe
ted under the null hypothesis H0 of no linkage. In the one-lo
us 
ase onemay state the pair of tested hypotheses as,
{

H0 : Disease lo
us unlinked to x.
H1 : A disease lo
us at x. (12)when testing a single lo
us and as,

{

H0 : No disease lo
us linked to Ω.
H1 : At least one disease lo
us along Ω. (13)when testing a whole region Ω.2.1 Parametri
 Linkage AnalysisHere one assumes a known (or rather estimated) geneti
 model λ in (4) whi
hmust be de�ned prior to the analysis. The most 
ommon test statisti
 is thelikelihood ratio-based lod-s
ore statisti
, whi
h for the single-point 
ase isde�ned as,
Z(θ; λ) = log10

[

P (Y,MD(x) | θ, λ)

P (Y,MD(x) | 0.5, λ)

]

,where Y and MD(x) refer to phenotypi
 data and marker data at lo
us xrespe
tively, θ is the tested re
ombination fra
tion between the disease lo
usand x, and λ is the geneti
 model. In this 
ase we use Z(0; λ) as test statisti
for (12) and the maximum lod-s
ore Zmax = sup0≤θ≤0.5 Z(θ; λ) as test statisti




2 NONPARAMETRIC LINKAGE ANALYSIS 20for (13) with Ω = c(x), whi
h 
an be written as,
{

H0 : θ = 0.5

H1 : 0 ≤ θ < 0.5For the multipoint 
ase the lod s
ore statisti
 is only slightly altered intothe form,18
Z(x; λ) = log10

[

P (Y,MD | x, λ)

P (Y,MD | ∞, λ)

]

, (14)where MD is the 
omplete set of marker data fromΩ and x is the hypothesizedposition of the disease lo
us l. We use Z(x; λ) as test statisti
 for (12) andthe maximum lod-s
ore Zmax = supx∈Ω Z(x; λ) as test statisti
 for (13).The original lod-s
ore referen
e is Morton (1955) whi
h is based on resultsand pro
edures given by Haldane and Smith (1947) and Barnard (1949).Some modern referen
es are Terwilliger and Ott (1994), Kruglyak et al.(1996), Ott (1999), Kurbasi
 and Hössjer (2004, 2006) and Xing and Elston(2006).2.2 S
ore Fun
tionsFor the one-lo
us 
ase, the nonparametri
 test statisti
 is based on a s
orefun
tion S(v), whi
h assigns a number to ea
h possible pedigree-wise IBD-sharing stru
ture (or inheritan
e ve
tor).19 As noted above, one is normallyinterested in in
reased allele-sharing among a�e
teds sin
e this indi
ates pres-en
e of geneti
 linkage between the marker and disease lo
i.The relative performan
e of di�erent s
ore fun
tions, in terms of statisti
alpower, depends on the underlying geneti
 model and the stru
ture of thepedigree set.Two 
ommonly used s
ore fun
tions were introdu
ed by Whittemore andHalpern (1994). Firstly, Spairs is based on IBD-sharing among all pairs ofa�e
ted individuals in the pedigree,
Spairs(v) =

∑

(i,j)∈A

IBD(i, j),18An explanation to the ∞-sign in the denominator of (14) is that, under the nullhypothesis, the disease lo
us is unlinked to all 
hromosomes 
onstituting Ω.19One may note that this notion of a s
ore fun
tion may be seen as adopting a data-mining perspe
tive where su
h fun
tions are used for s
oring patterns, in this 
ase inheri-tan
e patterns (Hand et al., 2001).



2 NONPARAMETRIC LINKAGE ANALYSIS 21where i < j, A is the set of a�e
teds and IBD(i, j) is the number of allelesshared IBD between individuals i and j.Se
ondly, Sall is based on the simultaneous IBD-sharing among all thea�e
teds in the pedigree,
Sall(v) =

1

2|A|

∑

h∈H

2f
∏

i=1

bi(h)!,where |A| is the number of a�e
teds, H is a set 
ontaining all ways of sele
tingone allele from ea
h a�e
ted, 2f is the number of founder alleles in thepedigree and bi(h) is the number of times the ith founder allele is present insele
tion h.20
AB CD

AC BC BC BD

Figure 10: An example pedigree used in Example 9 regarding the 
omparisonof di�erent s
ore fun
tions.Example 9. Consider the pedigree in Figure 10. Ordering the nonfoundersfrom left to right the inheritan
e ve
tor v=(0,0,1,0,1,0,1,1) is fully known ifboth parents have known phase. Cal
ulating Spairs and Sall we get,
Spairs(v)=(1+1+1+2+1+1)=7,

Sall(v)=(24+6+6+6+6+4+2+2+2+2+2+2+2+2+1+1)/16=35/8.For instan
e, for Sall, if h = {B, C, C, B} we get ∏4
i=1 bi(h) = 0!2!2!0! = 4.2120The sele
tion h 
onsists of |A| alleles that may be grouped a

ording to their an
estralhistory, i.e. ea
h allele is a 
opy of one of the 2f founder alleles. The link to the numberof members in the ith group is bi(h).21Both Spairs and Sall are 
al
ulated, given v, using the group of a�e
teds A only. Ea
h



2 NONPARAMETRIC LINKAGE ANALYSIS 22Given a well-de�ned geneti
 model λ in (4) it is possible to derive di�er-ent kinds of optimal s
ore fun
tions, based on di�erent optimality 
riterions(M
Peek, 1999; Hössjer, 2003b, 2005
), whi
h then impli
itly leads to the useof both a�e
teds and una�e
teds through their 
orresponding de�nitions. Inappli
ations λ is most oftenly not fully known leading to extensive usage ofs
ore fun
tions that may be designed to have good performan
e for a (su�-
iently) wide range of geneti
 models.2.3 The NPL S
oreTo ease interpretation and signi�
an
e 
al
ulations we standardize22 the s
orefun
tion under H0 a

ording to,
S(v)← S(v)− µ

σ
, (15)where, for a pedigree with m meioses,















µ =
∑

i

2−mS(wi)

σ2 =
∑

i

2−mS(wi)
2 − µ2are the mean and varian
e of S, prior to standardization, under the nullhypothesis H0 of no linkage.The standardized s
ore fun
tion is used to 
al
ulate, at lo
us x, thepedigree-spe
i�
 nonparametri
 linkage (NPL) s
ore,

Z(x) =
∑

i

p(wi)S(wi), (16)where p(wi) = P
(

v(x) = wi|MD) is the inheritan
e distribution at x.su
h traditional s
ore fun
tion S 
orresponds to an extended s
ore fun
tion S′,
S′(v) = S′(v|A ∪ UA) = S(v|A) + S(v|UA),where UA is the set of una�e
teds and S(·|B) is the traditional s
ore fun
tion repla
ing thesubgroup of a�e
teds with the arbitrary subgroup B. This may in
rease power sin
e weextra
t more inheritan
e information, but the 
omputational 
omplexity may be alarm-ingly in
reased and the gain small for many geneti
 disease models. For more information,and additional extended versions, see Ängquist (2006).22Also referred to as normalization. Note that we end up with the standardized prop-erties E(S|H0) = 0 and V (S|H0) = 1.



2 NONPARAMETRIC LINKAGE ANALYSIS 23For a pedigree set 
onsisting of N pedigrees we 
ombine the pedigree-spe
i�
 s
ores (16) into the (total) NPL s
ore as,
Z(x) =

N
∑

k=1

γkZk(x), (17)where Zk is the NPL s
ore (16) and γk the weight assigned to the kth pedigree.The pedigree weighting s
heme is 
hosen as ∑N

k=1 γ2
k = 1 in order to assure,

E
(

Z(x)|H0

)

= 0 and V
(

Z(x)|H0

)

≤ 1, (18)with equality for 
omplete marker information.23 The a
tual weights maybe 
hosen a

ording to pedigree size, stru
ture, information or inheritan
eat other lo
i. We use Z(x) as test statisti
 for testing a single disease lo
usthrough (12). Oftenly, su
h tests are based on a perfe
t-data approxima-tion, whi
h 
orresponds to 
al
ulating the null distribution assuming that
V (Z(x)|H0) = 1 and implies 
onservative p-value estimates when fa
ing im-perfe
t data.24 An alternative de�nition of total NPL s
ore was proposed byKong and Cox (1997), whi
h leads to less 
onservative tests for in
ompletemarker data.Cal
ulating the NPL s
ore with respe
t to a set of lo
i leads to a sto
hasti
pro
ess {Z(x); x ∈ Ω}, the NPL pro
ess. A simulated example is given inFigure 11. A

ording to the blo
kwise inheritan
e of 
hromosomal segments,NPL s
ores at linked lo
i are 
orrelated. The multipoint approa
h in
reasesthe NPL s
ore 
orrelation at 
losely linked lo
i, as an e�e
t of smoothing theobserved NPL s
ore pro
ess.To test (13) we use the maximum of the NPL pro
ess over Ω, referred toas the maximum NPL s
ore Zmax = supx∈Ω Z(x).23The inequality in (18) follows for one pedigree from,

1 = V
(

S [v(x)]
)

= V
[

E
(

S [v(x)] |MD)]+ E
[

V
(

S [v(x)] |MD)]
≥ V

[

E
(

S [v(x)] |MD)] = V [Z(x)] ,assuming expe
tation and varian
e is taken under H0. See also Kruglyak et al. (1996).24Missing genotypes, homozygosity, usage of single-point analysis or multipoint analysiswith a sparse marker map leads to loss of inheritan
e information, i.e. in
reased inheritan
eve
tor ambiguity, implying a de
rease of the NPL s
ore varian
e. The extreme 
ase oftotally uninformative marker data for a pedigree leads to a 
onstant s
ore Z(x) = 0 in(16). If the underlying 
ombination of pedigree stru
ture, s
ore fun
tion and phenotypi

on�guration is totally uninformative, the unstandardized s
ores S(v) are independent of
v whi
h, using (15), implies a not even well-de�ned pro
edure.
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Figure 11: A simulated NPL pro
ess along a single 
hromosome of length3 Morgans, assuming perfe
t marker data. The underlying s
ore fun
tionis Sall, the pedigree set 
onsists of N = 10 (homogeneous) pedigrees of thesame stru
ture as in Figures 1-2 and 8 with equal weights γk = 1/
√

10.2.4 Cal
ulating the Statisti
al Signi�
an
eConsider a test statisti
 Z, whi
h is either a pointwise (Z = Z(x)
) orgenomewide25 (Z = Zmax) NPL s
ore. The signi�
an
e level of a test whi
hreje
ts H0 when Z ≥ T , where T is a given s
ore threshold, is,

α(T ) = P (Z ≥ T |H0), (19)when the null hypothesis is simple. The power fun
tion,
β(T ) = P (Z ≥ T |H1), (20)depends on the geneti
 model λ. Given a test result Z = z, one may 
al
ulatethe p-value α(z).In the pointwise 
ase, when N is large, one may use the approximation,

Z(x)
H0∈ N(0, 1), (21)of (17), based on the Central Limit Theorem. This leads to the approxima-tion,

α(T ) ≈ 1− Φ(T ),25That is, if Ω is the whole genome.



2 NONPARAMETRIC LINKAGE ANALYSIS 25where Φ equals the standard normal N(0,1) distribution fun
tion. This ap-proximation is usually 
onservative, due to (18), when marker data is in
om-plete.In the genomewide 
ase, the distribution of Zmax is less tra
table. Itmay be 
omputed using either Monte Carlo simulation or analyti
al approx-imations. In the latter 
ase one uses extreme-value theory of the sto
has-ti
 pro
ess {Z(x); x ∈ Ω}, see e.g. Leadbetter et al. (1983), Siegmund(1985), Aldous (1989), Lander and Botstein (1989), Feingold (1993), Fein-gold et al. (1993) and Tu and Siegmund (1999). A small-s
ale example ofthe genomewide signi�
an
e level (19) is given in Figure 12.
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Figure 12: A simulated genomewide signi�
an
e level 
urve for a single 
hro-mosome of length 3 Morgans, assuming perfe
t marker data. The s
orefun
tion and pedigree set are as in Figure 11.The advantage of a 
losed form analyti
al approximation is ease of 
ompu-tation, even for large thresholds. On the other hand, the approximation maybe more or less a

urate a

ording to the assumptions made. It is 
ommonto assume:One That the NPL s
ore (17) is marginally normally distributed, with ex-pe
ted value equal to zero, for all lo
i under H0. Deviations from thisassumption will, depending on the type of nonnormality, imply either
onservative or anti
onservative approximations.



2 NONPARAMETRIC LINKAGE ANALYSIS 26Two That the varian
e of the NPL s
ore in (17) equals one at all lo
i,i.e. to use the perfe
t-data approximation. This implies 
onservativitya

ording to (18).Three That Ω is 
ontinuous, i.e. an in�nitely dense marker map is used.This implies 
onservativity.The Monte Carlo approximation of Se
tion 2.6 is more a

urate provided thenumber of repli
ates is large enough. On the other hand, 
omputationally it
an be very slow, espe
ially for large thresholds.2.5 Signi�
an
e Cal
ulations through Theoreti
al Ap-proximationThe most 
ommonly used theoreti
al approximation (Lander and Botstein,1989; Feingold et al., 1993; Lander and Kruglyak, 1995) is based on theassumption that the NPL pro
ess is a stationary 
ontinuous-time Gaus-sian pro
ess with N(0,1) marginals. Moreover, the pro
ess is assumed tobe Ornstein-Uhlenbe
k -like (Uhlenbe
k and Ornstein, 1930; Hsu and Park,1985; Bla
kwell, 2002). By this we mean that the pro
ess is non-di�erentiableand the auto
ovarian
e fun
tion,
rZ(h) = C [Z(x), Z(x + h)] ,has a non-zero right-hand side derivative r′Z(0) at zero.Following Lander and Kruglyak (1995), the approximation α̂(T ) of thegenomewide signi�
an
e level (19) is de�ned as
α̂(T ) = 1− exp [−µ(T )] , (22)where

µ(T ) = [C + 2ρgT 2]αpt(T ). (23)In (22)-(23) we have that C = C(Ω) is the number of 
hromosomes in Ω,
g = g(Ω) is the total genome length of Ω in Morgans, ρ = −r′Z(0)/2 is the
rossover rate and αpt(T ) = 1−Φ(T ) the approximative pointwise signi�
an
elevel with respe
t to the threshold T .Extensions of (22) are given by Tang and Siegmund (2001) where 
or-re
tion for nonnormality, in the form of distributional skewness, of the NPL
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ore is introdu
ed. Further, based on works of Siegmund (1985) and Fein-gold et al. (1993) a relaxation of the assumption of a 
ontinuous-time pro
essinto a �nite number of equidistant markers is made.The 
rossover rate ρ in (23) re�e
ts the �u
tuation of the NPL pro
ess,i.e. how often the s
ore 
hanges and how large these 
hanges are. It may beexpressed for arbitrary pedigrees (Hössjer, 2001, 2003a; Ängquist, 2001) as,
ρ =

1

4
2−m

∑

w∈V

m
∑

j=1

[S(w)− S(w + ej)]
2 , (24)where S is a standardized s
ore fun
tion (15), V is the set of possible inheri-tan
e ve
tors and ej is an inheritan
e ve
tor with one in the jth position andzeros elsewhere, 
orresponding to a 
rossover of the jth meiosis. In this sense,

{w + ej}mj=1 are neighbours of w.26 Hen
e ρ depends on the s
ore fun
tion,pedigree stru
ture and pedigree size.For a pedigree set 
onsisting of N pedigrees one may 
ombine the pedigree-spe
i�
 
rossover rates (24) into an overall 
rossover rate,
ρ =

N
∑

k=1

γ2
kρk,where γk and ρk are the kth pedigree weight in (17) and 
rossover rate re-spe
tively.Example 10. Consider an ASP pedigree. If using the standardized version(15) of a symmetri
 s
ore fun
tion,27 S(w) attains the value −√2, 0, √2when the ASP shares 0, 1 or 2 alleles IBD.In this 
ase the number of meioses m = 4, the number of possible inher-itan
e ve
tors |V| = 16. The IBD-status of the ASP along a 
hromosome
hanges at points of 
rossovers a

ording to a Markov 
hain with transitionmatrix,

P = {pij}2i,j=0 =





0 1 0

1/2 0 1/2

0 1 0



 ,26A neighbour w′ to w is an inheritan
e ve
tor that di�ers from w at only one ve
torposition, i.e. the 
orresponding Hamming distan
e H(w′, w) = 1.27Let si be the unstandardized s
ore 
orresponding to the ASP sharing i alleles IBD.The s
ore fun
tion is symmetri
 if s2 − s1 equals s1 − s0. This is true both for Spairs and
Sall.



2 NONPARAMETRIC LINKAGE ANALYSIS 28where pij refers to the probability of 
hanging from i to j alleles shared IBD.Hen
e in all 
ases, w ∈ V and k ∈ {1, 2, . . . , m}, |S(w)− S(w + ek)| =
√

2.Using (24), we obtain ρ = ρ(ASP ) = 2.2.6 Signi�
an
e Cal
ulations through Monte Carlo Sim-ulationUsing a simulation algorithm is often the easiest way to 
apture hard-to-getinformation, by being well-suited to mimi
 
ompli
ated models. The maindrawba
k usually is the 
omputational 
omplexity.For 
omplete marker data, the pedigree-spe
i�
 NPL s
ore (16) simpli�esto,
Z(x) = S [v(x)] , (25)where v(x) = [v1(x), v2(x), . . . , vm(x)] is the inheritan
e ve
tor at lo
us x.When map distan
e is measured in Morgans and no 
hiasma interferen
e isassumed, the 
omponents vj(·) 
an be simulated under H0 as independentstationary Markov pro
esses with intensity matrix
(

−1 1

1 −1

) (26)along ea
h 
hromosome of Ω. From (25) we then get the pedigree-spe
i�
NPL s
ore along Ω. Repeating this for all N pedigrees, using (17) and max-imizing over Ω, we obtain a maximum NPL s
ore Zmax simulated under H0.Further, repeating this for J simulations, with Zmax,j denoting the maximumNPL s
ore for the jth simulation, the 
rude Monte Carlo estimate of thesigni�
an
e level is,
α̂(T ) =

1

J

J
∑

j=1

I(Zmax,j ≥ T ); T ∈ T, (27)where I(A) is the indi
ator fun
tion of the event A and T is a prede�ned setof s
ore thresholds.Example 11. Consider a single ASP. Figure 13 illustrates a simulated re-alization of the inheritan
e pro
ess along a 
hromosome of length 2 Morgansand Figure 14 shows the 
orresponding pedigree-spe
i�
 NPL s
ore pro
ess.
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        xFigure 13: An example illustrating the simulation of the inheritan
e ve
torpro
ess v(·) of a single ASP along a 
hromosome of length 2 Morgans.To use simulation to fa
ilitate 
al
ulation of statisti
al power with respe
tto the appropriate test statisti
, pointwise or genomewide, under a geneti
model λ of the alternative hypothesis H1 and the phenotype ve
tor Y , the
H0-simulation may be modi�ed as follows for the inheritan
e pro
ess of ea
hpedigree: If l is the disease lo
us, simulate v(l) from P (v|λ, Y ). Then gen-erate the 
omponents vj(·) of v(·) independently to the right and left of l,starting at vj(l), a

ording to the same Markov pro
ess (26) as in the H0-simulation.Some referen
es to simulation pro
edures for in
omplete marker data areBoehnke (1986), Ploughman and Boehnke (1989), Ott (1989) and Terwilligeret al. (1993).2.7 Two-Lo
us NPL AnalysisOne may generalize the NPL pro
edure above in order to simultaneously, orsequentially, sear
h for two distin
t disease lo
i on Ω. We will now brie�youtline, and make some 
omments on, su
h pro
edures.To be able to perform a so 
alled un
onditional two-lo
us NPL analysis,we generalize the pedigree-spe
i�
 NPL s
ore in (16) to,

Z(x1, x2) =
∑

i,j

p(wi, wj)S(wi, wj), (28)where p(wi, wj) = P
(

v(x1) = wi, v(x2) = wj|MD) is the joint inheritan
e
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Figure 14: The pedigree-spe
i�
 NPL s
ore pro
ess Z(x) 
orresponding tothe simulated inheritan
e pro
ess of Figure 13.distribution at lo
i x1 and x2, see Strau
h et al. (2000). We assume that
x1 and x2 are unlinked28 in (28) but otherwise varied independently. Thisimplies allele-sharing independen
e at the two lo
i,

p(wi, wj) = P
(

v(x1) = wi|MD)P (v(x2) = wj |MD),and one-lo
us multipoint algorithms 
an be used for 
al
ulating (28). The(total) NPL s
ore is then 
al
ulated as,
Z(x1, x2) =

N
∑

k=1

γkZk(x1, x2), (29)where Zk(x1, x2) is the pedigree-spe
i�
 NPL s
ore (28) and γk the weightassigned to the kth pedigree.Equation (28) involves a standardized two-lo
us s
ore fun
tion S(v1, v2),depending on the pair of inheritan
e ve
tors (v1, v2) ∈ V × V. Two sim-ple examples of su
h s
ore fun
tions are: (i) The additive two-lo
us s
orefun
tion,
S(v1, v2) =

S(v1) + S(v2)√
2

,28Formally, c(x1) 6= c(x2).
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h essentially is the sum of the 
orresponding standardized one-lo
us s
orefun
tions. (ii) The multipli
ative two-lo
us s
ore fun
tion,
S(v1, v2) = S(v1)S(v2),whi
h is the produ
t of the 
orresponding standardized one-lo
us s
ore fun
-tions.Restri
ting the two-lo
us analysis by letting the lo
us x2 in (28) be �xedand 
onditioning on information at this lo
us yields a 
onditional two-lo
usNPL analysis. The 
onditioning lo
us x2 may be a veri�ed disease lo
us,

x2 = l2, a suggested or estimated disease lo
us, x2 = l̂2 or a lo
us 
onsid-ered to be interesting for some other reason. The pedigree-spe
i�
 type ofinformation to 
ondition on may be one-lo
us inheritan
e ve
tors or NPLs
ores.The most well-known example of this kind is the 
onditional multipli
ativetwo-lo
us pedigree-spe
i�
 NPL s
ore introdu
ed by Cox et al. (1999). Itmay be des
ribed through the one-lo
us pedigree-spe
i�
 NPL s
ores in (16)as,
Z(x1, x2) = Z(x1)f [Z(x2)] , (30)where f(·) is a given fun
tion of the pedigree-spe
i�
 NPL s
ore at the 
on-ditioning lo
us x2. When 
omputing the total two-lo
us NPL s
ore (29)based on pedigree-s
ores (30), one must repla
e the un
onditional two-lo
us
onstraint ∑N

k=1 γ2
k = 1 on the pedigree weights with,29

N
∑

k=1

γ2
k f [Zk(x2)]

2 = 1.Using (30) is basi
ally a way to utilize gene-gene intera
tion to in
reasepower. Di�erent 
hoi
es of the weighting fun
tion f is suitable for di�erenttypes of 
orrelation. We refer to positive and negative intera
tion (
orrela-tion) as epistasis and heterogeneity respe
tively, see Cox et al. (1999) andHolmans (2002).When performing a 
onditional two-lo
us NPL analysis one may use a
ombination of: (i) Several 
onditioning lo
i. (ii) Several types of weightingfun
tions. (iii) Several distin
t s
ore fun
tions. The use of (i)-(iii) above29Hen
e, a 
onditional two-lo
us analysis (29)-(30) may be des
ribed within the frame-work of one-lo
us analysis by interpreting the produ
t γkf [Zk(x2)] as the kth pedigreeweight, assigned to Zk(x1).



3 OTHER STATISTICAL GENETICS PROCEDURES 32implies the need for multiple testing 
orre
tion. Sin
e the individual testsgenerally are dependent, the standard Bonferroni 
orre
tion may yield a very
onservative upper bound on the familywise error rate (FWE)30 under H0,i.e. the probability that at least one individual test is de
lared signi�
ant.31Many re�nements of the Bonferroni upper bound of the FWE have beenproposed, in
luding the sequential pro
edures of Ho
hberg (1988) and Ben-jamini and Ho
hberg (1995). The latter one 
ontrols the false dis
overy rate(FDR), see Ge et al. (2003) for a re
ent review.3 Other Statisti
al Geneti
s Pro
eduresIn this se
tion we will brie�y 
omment on some related and 
omplementaryanalysis pro
edures in the 
ontext of gene mapping.Prior to linkage analysis, or in its own right, one may perform a segregationanalysis. This is done in order to determine or estimate geneti
 model param-eters, as well as environmental fa
tors, using phenotype data from pedigreeswith many a�e
teds. For further details see e.g. Khoury et al. (1993) andHaines and Peri
ak-Van
e (2006).Asso
iation analysis may be used for �ne-mapping regions pinpointed byan initial linkage analysis or dire
tly for genomewide mapping (Ris
h andMerikangas, 1996). It aims at �nding alleli
 variants asso
iated with disease.Further, one may split asso
iation analysis into population-based (Clayton,2001; Balding, 2006)32 and family-based (Terwilliger and Ott, 1992; Spielmanet al., 1993; Zhao, 2000) pro
edures. See also, for instan
e, Cordell andClayton (2002, 2005).Alleles in 
lose physi
al proximity of the disease lo
us show asso
iationwith the disease-
ausing lo
us be
ause of linkage disequilibrium. However,asso
iation between more distant (and even unlinked) lo
i may also existbe
ause of mixture of populations. The latter sour
e of asso
iation is a 
on-30This is also referred to as the global multiple testing signi�
an
e level (Hougaard, 2006).31Assume a 
ombined testing-pro
edure based on n tests with 
orresponding test statis-ti
s T1, T2, . . . , Tn and 
riti
al regions C1, C2, . . . , Cn. Simple manipulations now give
P
(

∃i : Ti ∈ Ci

)

≤
∑n

j=1
P (Tj ∈ Cj). Taking advantage of this inequality, when testingon a global signi�
an
e level α, the Bonferroni-pro
edure now perform ea
h individual teston signi�
an
e level α/n. If the number of tests is large, espe
ially if many test statisti
sare positively dependent, this is a severe testing problem with respe
t to power.32In
luding the biostatisti
al approa
h of 
ase-
ontrol studies whi
h often is 
onsideredwithin the �eld of epidemiology (Clayton and Hills, 1993).



3 OTHER STATISTICAL GENETICS PROCEDURES 33founder in gene mapping of disease lo
i.In the population-based pro
edure, one sear
hes for asso
iation betweenphenotypes and alleli
 variants of single individuals. The method is powerfulbut sensitive to population admixture. In the family-based pro
edure, asso
i-ation between phenotypes and transmission of alleli
 variants from heterozy-gous parents is of interest. The method is less powerful but robust towardsasso
iation due to population admixture. These two pro
edures 
an also be
ombined, see e.g. Clayton (1999) and Shih and Whittemore (2002).Whereas linkage analysis is based on inheritan
e of alleles within pedigrees,it does not utilize asso
iation between alleli
 variants and phenotypes on thepopulation level. However, the two approa
hes 
an be brought together intojoint tests for linkage and asso
iation, see for example Fulker et al. (1999),Xiong and Jin (2000), Göring and Terwilliger (2000), Sham et al. (2000) andHössjer (2005a).33Using a quantitative phenotype one may perform a quantitative trait lo
i(QTL) analysis, see Lyn
h and Walsh (1998). Several di�erent sub�eldsof this approa
h exist. The traditional Haseman-Elston approa
h (Hase-man and Elston, 1972) is based on a regression of the squared phenotype-di�eren
e between sibs with respe
t to their 
orresponding allele-sharing andthe se
ond, varian
e 
omponent, approa
h is based on splitting up the to-tal phenotype-variation into geneti
 and environmental fa
tors (Almasy andBlangero, 1998; Cherny et al., 2004). A third approa
h is based on IBD-sharing 
onditional on observed phenotypes, either by means of a regressionmodel (Sham et al., 2002) or a likelihood s
ore statisti
 (Tang and Siegmund,2001; Hössjer, 2005b). For a re
ent uni�
ation of all three types of methods,by means of generalized estimating equations, see Chen et al. (2004).Some general referen
es to linkage analysis, and in a wider sense genemapping, monographs are Sham (1998), Ott (1999), Almgren et al. (2003),Thomas (2004), Ziegler and Koenig (2006), and Haines and Peri
ak-Van
e(2006). Inferen
e on geneti
 data is outlined in Thompson (2000).33One may note the following: Assume a disease phenotype 
aused by a re
ent geneti
mutation at lo
us l and, further, a marker lo
us m in 
lose vi
inity of, but not equivalent to,
l. Now, with respe
t to future generations, m will always be linked to l, but eventually theoriginally 
orresponding alleli
 asso
iation will fade away a

ording to the re
ombinationpro
ess.



4 OUTLINE OF PAPERS IN THESIS 344 Outline of Papers in ThesisIn this se
tion we brie�y outline, through 
omments and examples, some ofthe methods and extensions 
onstituting the 
ontents of the four in
ludedpapers of the thesis.4.1 Paper AThe approximation of the signi�
an
e level (22)-(23) is extended to 
orre
t formarginal nonnormality, under an assumption of fully informative inheritan
eat all markers, of the NPL s
ore (17). Moreover, the dis
reteness 
orre
tion,assuming a set of equidistant markers, is in
orporated as well.The nonnormality 
orre
tion is based on introdu
ing a link fun
tion, glink,whi
h transforms the NPL pro
ess to marginal approximate-normality. For-mally,
Y (x) = g−1link [Z(x)] ; x ∈ Ω, (31)where glink=(F−1 ◦ Φ), F (z) = P (Z(x) ≤ z|H0) is the marginal distributionfun
tion of the NPL s
ore pro
ess Z(·) under H0 and Φ(z) =

∫ z

−∞
φ(z)dzis the standard normal distribution fun
tion. The transformed pro
ess Y in(31) is a stationary pro
ess with approximately standard normal marginals,the approximation being due to dis
reteness of F .To turn Y into a 
ontinuous-valued pro
ess we use a linear binning smooth-ing pro
edure to approximate F by a 
ontinuous version F̂ when de�ning

glink.34 Noting that,
α(T ) = P (Zmax ≥ T |H0) = P (Ymax ≥ g−1link(T )|H0),leads to an improved signi�
an
e approximation of α(T ). It is based on (22),but with a re�ned up
rossing intensity (23) expressed as,

µ(T ) = [C + 2ρY gg−1link(T )2]αpt [g−1link(T )
]

,where ρY is the updated 
rossover rate with respe
t to the transformed pro-
ess Y and g is the genome length. The 
al
ulation of ρY is based on thetheory of subordinated Gaussian pro
esses (Clark, 1973) and a Hermite poly-nomial expansion of glink (Taqqu, 1975). An example of the link fun
tion
glink is given in Figure 15.34This transforms glink from being a nonde
reasing step-fun
tion to a stri
tly in
reasingfun
tion.
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Figure 15: Impli
it 
onstru
tion of the link z ↔ g−1link(z) in (31) through
omparison between the NPL s
ore distribution fun
tion F and the stan-dard normal distribution fun
tion Φ. Here the unstandardized NPL s
ore isassumed to be distributed as Γ(1.5, 1).Further, extensive simulations and 
al
ulations with respe
t to severalpedigree sets are pro
essed and performan
e 
omparisons with existing ap-proximation formulas is laid out. In addition, 
omparison of the originaland improved signi�
an
e level approximation in terms of 
onservativenessis fa
ilitated using Edgeworth expansion approximations of F .4.2 Paper BFor large thresholds T where α(T ) = P (Zmax ≥ T |H0) is very small, we willgenerally need a very large number of simulations to be able to estimate α(T )using (27) with reasonably small varian
e. Given a 
onstant time limit thea
tual number of performed simulations also depends on the 
omputer-timeper simulation or, equivalently, the 
omputational 
ost, whi
h is primarilya�e
ted by the pedigree sizes. One possible solution to this problem is to useimportan
e sampling, or weighted simulation, whi
h is a varian
e redu
tionte
hnique making it possible to sample from interesting regions of the under-lying sample spa
e with higher probability. An early referen
e is Hammersleyand Hands
omb (1964) and a modern introdu
tion is given by Ross (2006).See also Hesterberg (1995).



4 OUTLINE OF PAPERS IN THESIS 36A very brief outline of the general method is as follows. Assume we wantto estimate,
α = E [f(Z)] =

∫

f(Z)dP (Z),where E denotes expe
tation when Z has distribution P . The followingreformulation, using the 
hange of probability measure from P to P̃ ,
α =

∫

f(Z)
dP (Z)

dP̃ (Z)
dP̃ (Z) = Ẽ [f(Z)L(Z)] , (32)is valid if,

f(Z)dP (Z) > 0⇒ dP̃ (Z) > 0.In (32), Ẽ denotes expe
tation when Z has distribution P̃ and the weight-ing fun
tion L(Z) = dP (Z)/dP̃(Z) is the likelihood ratio with respe
t to thetwo measures. Sampling from P̃ , the integral in (32) may be estimated using,
α̃ =

1

J

J
∑

j=1

f(Zj)L(Zj),where {Zj}Jj=1 are independent and identi
ally distributed 
opies of Z under P̃ .In our 
ase α = α(T ), Z = {Z(x); x ∈ Ω}, f(Z) = I(Zmax ≥ T ) and Pis the H0-distribution of Z. We introdu
e an exponentially tilted probabilitymeasure P̃ , whi
h for 
omplete marker data along one 
hromosome c = [0, l]has the form,
dP̃ (Z) =

(

∫ l

0
exp [δZ(x)] dx

lM(δ)

)

dP (Z), (33)where M(δ) = E
(

exp [δZ(X)] |H0

) is the moment generating fun
tion of
Z(x) under H0 and δ is a design or tilting parameter re�e
ting the amountof 
hange of measure.When δ = 0, P̃ = P 
oin
ides with the H0-distribution. The larger δ > 0is, the more likely it is for Zmax to attain large values when Z ∼ P̃ . To a
tu-ally simulate su
h a Z, we pro
eed similarily as when generating NPL s
oresunder H1 to estimate power in Se
tion 2.6. First sele
t an arti�
ial diseaselo
us x0 a

ording to a uniform distribution on [0, l], then generate Z(x0) bysimulating inheritan
e ve
tors at x0 of all pedigrees under a pointwise ver-sion of the exponentially tilted distribution and, �nally, generate inheritan
eve
tors to the left and right of x0 for all pedigrees to 
ompute Z(·) along thewhole 
hromosome.



4 OUTLINE OF PAPERS IN THESIS 37For in
omplete marker data, the formula for P̃ is more 
ompli
ated than(32), but the pro
edure is analogous.Example 12. To illustrate the distribution of Z(x0) under P̃ , 
onsider theNPL s
ore (25) of a single pedigree with m meioses. By 
onditioning on x0,it follows from (33) that,̃
P
(

v(x0) = w
)

=
exp [δS(w)]

2mM(δ)
, (34)where M(δ) = 2−m

∑

w∈V
exp [δS(w)].In parti
ular, for an ASP with s
ore fun
tion as in Example 10, the

2m = 16 inheritan
e ve
tors may be divided into three groups of sizes 4,8 and 4, with S(w) = −
√

2, 0 and √2 respe
tively. The three groups
orrespond to sharing 0, 1 and 2 alleles IBD with allele-sharing probabili-ties zi = P (IBD = i|H0) under H0, where all inheritan
e ve
tors v ∈ V areequally likely,
z = (z0, z1, z2) = (0.25, 0.50, 0.25),as dis
ussed in Example 6. On the other hand, using (34) the allele sharingprobabilities z̃i = P̃ (IBD = i) under P̃ are,

z̃ = (z̃0, z̃1, z̃2) = c−1
δ

[

exp(−δ
√

2), 2, exp(δ
√

2)
]

,where cδ =
[

exp(δ
√

2) + 2 + exp(−δ
√

2)
] is a normalizing 
onstant.In Figure 16 we display the tilted IBD-sharing distribution z̃, through the

(z̃1, z̃2)-pair, as fun
tion of the tilting parameter δ.As seen from (34), we use δ > 0 at the arti�
ial disease lo
us x0 in or-der to in
rease the probability P̃ [v(x0)] ∝ exp
(

δS [v(x0)]
) of inheritan
eve
tors v(x0) 
orresponding to large positive NPL s
ores. Sin
e the NPLs
ore at x0 has an expe
ted value depending on δ, the optimal 
hoi
e of δ
learly depends on the threshold T of interest, see e.g. Naiman and Priebe(2001).35 The pro
edure above is also extended to optimally form linear
ombinations of estimates α̃δ(T ) using several distin
t values of δ. This fa-
ilitates simultaneous estimation of α(T ) for several thresholds T based onthreshold-dependent linear 
ombinations of α̃δ(T )-quantities.The implementation of the 
orresponding algorithms and the 
hoi
e ofdesign parameters are dis
ussed in some detail in the paper. Moreover, the35Basi
ally one adjusts P̃ in (32) in order to make Ṽ [f(Z)L(Z)] small.
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Figure 16: Displaying the IBD-sharing probabilities (z̃1, z̃2) for an ASP, under
P̃ , with respe
t to the tilting parameter δ = (0, 0.1, . . . , 1).suggested approa
h is evaluated using the 
on
ept of 
ost-adjusted relativee�
ien
y with respe
t to standard Monte Carlo simulation and, in addition,
omparison with the importan
e sampling pro
edure of Malley et al. (2002)is in
luded.4.3 Paper CHere un
onditional two-lo
us NPL analysis with respe
t to ASP pedigreesets, using (28), is dis
ussed with spe
ial emphasis on gene-gene intera
tion(also worded as IBD- or allele-sharing 
orrelation):De�nition 13. Assume two disease lo
i, l1 and l2, with marginal one-lo
usIBD-sharing ve
tors (6), given by z1 = (z1

0 , z
1
1 , z

1
2) and z2 = (z2

0 , z
2
1, z

2
2) re-spe
tively, and a joint IBD-sharing matrix (7). Now if,

∃i, j : zij 6= z1
i z

2
j ; i, j ∈ {0, 1, 2},we say there is gene-gene intera
tion present.Sin
e z = {zij} is a fun
tion of disease allele frequen
ies and penetran
e



4 OUTLINE OF PAPERS IN THESIS 39values, we may reformulate the geneti
 model λ in (4) as λ = (z, l), where
l = (l1, l2).Further, we investigate the di�eren
es between using simple or 
ompositetwo-lo
us null hypotheses.36Example 14. An example of a 
omposite null hypothesis when 
onsideringIBD-sharing with respe
t to a homogeneous set of ASPs is,

H0 : z ∈ Z0,where Z0 =
{

z; z1 = (0.25, 0.50, 0.25) or z2 = (0.25, 0.50, 0.25)
} 
orrespondsto 'At most one disease lo
us'. In this 
ase the 
orresponding alternativehypothesis H1 is 'Two disease lo
i'.Multiple suggestions on how to in
orporate a 
omposite null hypothesisinto the analysis are made. Signi�
an
e 
al
ulations may, for instan
e, bebased on: (i) The least-favourable IBD distribution to derive theoreti
al sig-ni�
an
e level approximations (22). This results in a 
onservative upperbound,

ᾱ(T ) = max
λ∈H0

α(T |λ),of the signi�
an
e level. (ii) Estimating a one-lo
us geneti
 
omponent, forinstan
e with estimates l̂1 and ẑ1 = ẑ1(l̂1), and 
onstraining the null hypoth-esis with respe
t to this 
omponent. Then perform Monte Carlo simulationsto estimate p-values.We also de�ne, dis
uss and evaluate several 
lasses of s
ore fun
tions. Ex-tensive power 
al
ulations are performed based on both simple and 
ompositenull hypotheses using a wide range of geneti
 two-lo
us models λ, 
orrespond-ing to varying degree of gene-gene intera
tion.4.4 Paper DThis paper deals with two-lo
us NPL analysis based on (28) in general and
onditional two-lo
us NPL analysis in parti
ular. We adopt a quite general
onditional approa
h whi
h, 
ompared to (30), fa
ilitates 
onditioning on36Generally, de�ning a simple hypothesis 
onsists of stating an instan
e θ = θ0 of theunknown parameters θ ∈ Θ, whereas a 
omposite hypothesis 
onsists of the union ofsingle-instan
e, or intervals of, parameter values in Θ. In our 
ase a 
omposite hypothesisrefers to allowing for one disease lo
us in the stating of a null hypothesis.
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i�
 inheritan
e ve
tors rather than NPL s
ores. We also sep-arate between using previously known or unknown 
onditioning lo
i. Theformer are de�ned prior to data analysis, whereas the latter are estimatedfrom an initial one-lo
us linkage s
an. The pro
edure for unknown lo
i maybe des
ribed as follows:Algorithm 15. (Unknown 
onditioning lo
i)1. Perform 
hromosome-wise one-lo
us analysis along Ω.2. Sele
t the (possibly empty) set of 
onditioning lo
i X2 using some prede-�ned sele
tion-
riterion.3. Perform 
onditional two-lo
us analysis over Ω and X2. For x2 ∈ X2, we
ondition on inheritan
e information at x2 and 
al
ulate s
ores when
x1 varies along the remaining 
hromosomes, i.e. x1 ∈ Ω \ c(x2).We need to a

ount for the possibly large set of 
onditioning lo
i lead-ing to a multiple testing situation. Strategies: (i) We note on a somewhat
onservative theoreti
al approximation. (ii) Our main interest is dire
ted to-wards Monte Carlo simulation pro
edures. In this 
ase, when performing ndi�erent tests and where n may be sto
hasti
, we base the global signi�
an
etest on the p-value,

αglobal = min
1≤i≤n

αi(Ti),where αi(Ti) is the test-spe
i�
 p-value 
orresponding to the ith test, basedon test statisti
 Ti.Another topi
 is to derive optimal s
ore fun
tions with respe
t to given dis-ease models, where optimality 
orresponds to the maximization of non
entrality-parameters (NCPs) for one-, two- and 
onditional two-lo
us 
ases. In theone-lo
us 
ase the NCP at disease lo
us l is de�ned as,NCP = NCP(S, λ) = E [Z(l)|λ] , (35)where S is the underlying s
ore fun
tion and λ ∈ H1 the one-lo
us geneti
disease model. It turns out that the s
ore fun
tion whi
h maximizes (35) is,
S(w) ∝ P (v(l) = w|Y, λ)− 2−m; ∀w ∈ V,where Y is the phenotype ve
tor, V the set of possible inheritan
e ve
torsand m the number of meioses in the pedigree. See also Sham et al. (1997),



4 OUTLINE OF PAPERS IN THESIS 41Nilsson (1999) and Hössjer (2003a). Similar results are obtained in the two-lo
us and 
onditional two-lo
us 
ases.The paper also in
ludes a number of expli
it NCP and power 
al
ulationsfor several distin
t 
lasses of disease models.A
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omments, and numerous suggestions on how to improve this review. A
-
ording to my opinion they surely did!



REFERENCES 42Referen
esAbe
asis, G. R., Cherny, S. S., Cookson, W. O. and Cardon, L. R. (2002).MERLIN - rapid analysis of dense geneti
 maps using sparse gene �owtrees. Nature Geneti
s, 30, 97�101.Aldous, D. (1989). Probability approximations via the Poisson 
lumpingheuristi
. New York: Springer-Verlag.Almasy, L. and Blangero, J. (1998). Multipoint quantitative-trait linkageanalysis in general pedigrees. Ameri
an Journal of Human Geneti
s,62, 1198�1211.Almgren, P., Bendahl, P. O., Bengtsson, H., Hössjer, O. and Perfekt, R.(2003). Statisti
s in geneti
s. Department of Mathemati
al Statisti
s:Lund University.Ängquist, L. (2001). Conditional two-lo
us NPL-analyses: Theory and ap-pli
ations (Master's thesis No. 2001:E22). Lund: Department of Math-emati
al Statisti
s, Lund University.Ängquist, L. (2006, June). Some notes on the 
hoi
e of s
ore fun
tionin nonparametri
 linkage analysis. (Free download from homepage:'http://www.maths.lth.se/matstat/sta�/larsa/'.)Balding, D. J. (2006). A tutorial on statisti
al methods for populationasso
iation studies. Nature Reviews Geneti
s, 7, 781�791.Barnard, G. A. (1949). Statisti
al inferen
e [Series B (Methodologi
al)℄.Journal of the Royal Statisti
al So
iety, 11, 115�149.Bengtsson, O. (2001). Two-lo
us a�e
ted sib-pair identity by des
ent probabil-ities: Constraints, parameterisation and estimation (Li
entiate thesis).Göteborg: Department of Mathemati
al Statisti
s, Chalmers Univer-sity of Te
hnology, Göteborg University.Benjamini, Y. and Ho
hberg, Y. (1995). Controlling the false dis
overyrate: A pra
ti
al and powerful approa
h to multiple testing [Series B(Methodologi
al)℄. Journal of the Royal Statisti
al So
iety, 57 (1), 289�300.



REFERENCES 43Bla
kwell, P. (2002). Ornstein-Uhlenbe
k pro
ess. In R. C. Elston, J. M.Olson and L. Palmer (Eds.), Biostatisti
al geneti
s and geneti
 epi-demiology pp. 585�588. New York: John Wiley & Sons.Boehnke, M. (1986). Estimating the power of a proposed linkage study: Apra
ti
al 
omputer simulation approa
h. Ameri
an Journal of HumanGeneti
s, 39, 513�527.Cappé, O., Moulines, E. and Rydén, T. (2005). Inferen
e in hidden Markovmodels. New York: Springer.Chen, W. M., Broman, K. W. and Liang, K. Y. (2004). Quantitative traitlinkage analysis by generalized estimating equations: Uni�
ation ofvarian
e 
omponents and Haseman-Elston regression. Geneti
 Epi-demiology, 26, 265�272.Cherny, S. S., Sham, P. C. and Cardon, L. R. (2004). Introdu
tion to thespe
ial issue on varian
e 
omponents methods for mapping quantitativetrait lo
i. Behavior Geneti
s, 34 (2), 125�126.Clark, P. K. (1973). A subordinated sto
hasti
 pro
ess model with �nitevarian
e for spe
ulative pri
es. E
onometri
a, 41 (1), 135�155.Clayton, D. (1999). A generalization of the transmission/disequilibriumtest for un
ertian-haplotype transmission. Ameri
an Journal of HumanGeneti
s, 65, 1170�1177.Clayton, D. (2001). Population asso
iation. In D. J. Balding, M. Bishopand C. Cannings (Eds.), Handbook of statisti
al geneti
s pp. 519�540.Chi
hester: John Wiley & Sons.Clayton, D. and Hills, M. (1993). Statisti
al models in epidemiology. Oxford:Oxford University Press.Collins, A., Frezal, J., Teague, J. and Morton, N. E. (1996). A metri
 map ofhumans: 23.500 lo
i in 850 bands. Pro
eedings of the National A
ademyof S
ien
es of the United States of Ameri
a, 93, 14771�14775.Cordell, H. J. and Clayton, D. G. (2002). A uni�ed stepwise regressionpro
edure for evaluating the relative e�e
ts of polymorphisms within agene using 
ase/
ontrol or family data: Appli
ations to HLA in type 1diabetes. Ameri
an Journal of Human Geneti
s, 70, 124�141.



REFERENCES 44Cordell, H. J. and Clayton, D. G. (2005). Geneti
 asso
iation studies. Lan
et,366, 1121�1131.Cox, N. J., Frigge, M., Ni
olae, D. L., Con
annon, P., Hanis, C. L., Bell,G. I. and Kong, A. (1999). Lo
i on 
hromosomes 2 (NIDDM1) and 15intera
t to in
rease sus
eptibility to diabetes in Mexi
an Ameri
ans.Nature Geneti
s, 21, 213�215.Donnelly, K. P. (1983). The probability that related individuals share somese
tion of the genome identi
al by des
ent. Theoreti
al Population Bi-ology, 23, 34�64.Dudoit, S. and Speed, T. P. (1998). Triangle 
onstraints for sib-pair identityby des
ent probabilities under a general model for disease sus
eptibility(Te
h. Rep. No. 527). Department of Statisti
s, University of California,Berkeley.Elston, R. C. and Stewart, J. (1971). A general model for the analysis ofpedigree data. Human Heredity, 21, 523�542.Feingold, E. (1993). Markov pro
esses for modeling and analyzing a newgeneti
 mapping method. Journal of Applied Probability, 30, 766�779.Feingold, E., Brown, P. O. and Siegmund, D. (1993). Gaussian models forgeneti
 linkage analysis using 
omplete high-resolution maps of identityby des
ent. Ameri
an Journal of Human Geneti
s, 53, 234�251.Fulker, D. W., Cherny, S., Sham, P. C. and Hewitt, J. K. (1999). Com-bined linkage and asso
iation sib-pair analysis for quantitative traits.Ameri
an Journal of Human Geneti
s, 64, 259�267.Ge, Y., Dudoit, S. and Speed, T. P. (2003). Resampling-based multipletesting for mi
roarray data analysis. So
iedad Espãnola de Estadísti
ae Investiga
ión Operativa Test, 12 (1), 1�77. (With dis
ussion.)Göring, H. H. H. and Terwilliger, J. D. (2000). Linkage analysis in the pres-en
e of errors IV: Joint pseudomarker analysis of linkage and/or linkagedisequilibrium on a mixture of pedigrees and singletons when the modeof inheritan
e 
annot be a

urately spe
i�ed. Ameri
an Journal of Hu-man Geneti
s, 66, 1310�1327.



REFERENCES 45Gudbjartsson, D. F., Jonasson, K., Frigge, M. and Kong, A. (2000). ALLE-GRO, a new 
omputer program for multipoint linkage analysis. NatureGeneti
s, 25, 12�13.Haines, J. L. and Peri
ak-Van
e, M. A. (Eds.). (2006). Geneti
 analysis of
omplex disease. New York: Wiley-Liss.Haldane, J. B. S. (1919). The 
ombination of linkage values and the 
al
u-lation of distan
es between lo
i of linked fa
tors. Geneti
s, 8, 299�309.Haldane, J. B. S. and Smith, C. A. B. (1947). A new estimate of the linkagebetween the genes for 
olour-blindness and haemophilia in man. Annalsof Eugeni
s, 14, 10�31.Hammersley, J. M. and Hands
omb, D. C. (1964). Monte Carlo methods.New York: John Wiley & Sons.Hand, D. J., Mannila, H. and Smyth, P. (2001). Prin
iples of data mining.Cambridge, Massa
husetts: The MIT Press.Haseman, J. K. and Elston, R. C. (1972). The investigation of linkagebetween a quantitative trait and a marker lo
us. Behavior Geneti
s, 2,3�19.Hesterberg, R. (1995). Weighted average importan
e sampling and defensivemixture distributions. Te
hnometri
s, 37 (2), 185�194.Ho
hberg, Y. (1988). A sharper Bonferroni pro
edure for multiple tests ofsigni�
an
e. Biometrika, 75 (4), 800�802.Holmans, P. (1993). Asymptoti
 properties of a�e
ted-sib-pair linkage anal-ysis. Ameri
an Journal of Human Geneti
s, 52, 362�374.Holmans, P. (2002). Dete
ting gene-gene intera
tions using a�e
ted sib pairanalysis with 
ovariates. Human Heredity, 53, 92�102.Hössjer, O. (2001). Asymptoti
 estimation theory of multipoint linkage anal-ysis under perfe
t marker information (Te
h. Rep. No. 2001:16). Lund:Department of Mathemati
al Statisti
s, Lund University.



REFERENCES 46Hössjer, O. (2003a). Asymptoti
 estimation theory of multipoint linkageanalysis under perfe
t marker information. Annals of Statisti
s, 31 (4),1075�1109.Hössjer, O. (2003b). Determining inheritan
e distributions via sto
hasti
penetran
es. Journal of the Ameri
an Statisti
al Asso
iation, 98, 1035�1051.Hössjer, O. (2005a). Combined asso
iation and linkage analysis for generalpedigrees and geneti
 models. Statisti
al Appli
ations in Geneti
s andMole
ular Biology, 4 (1:11). (Ele
troni
 journal, 42 pages)Hössjer, O. (2005b). Conditional likelihood s
ore fun
tions for mixed modelsin linkage analysis. Biostatisti
s, 6 (2), 313�332.Hössjer, O. (2005
). Information and e�e
tive number of meioses in linkageanalysis. Journal of Mathemati
al Biology, 50 (2), 208�232.Hougaard, P. (2006). Multiple testing: A 
lini
al trial perspe
tive. Biostatis-ti
s: Lundbe
k, Valby, Denmark. (Medi
on Valley A
ademy CourseMaterial: IDEON, Lund, 2006-03-06.)Hsu, Y. S. and Park, W. J. (1985). Ornstein-Uhlenbe
k pro
ess [A Wiley-Inters
ien
e Publi
ation℄. In S. Kotz and N. L. Johnson (Eds.), En
y-
lopedia in statisti
al s
ien
es Vol. 6, pp. 518�521. New York: JohnWiley & Sons.International Human Genome Sequen
ing Consortium. (2001). Initial se-quen
ing and analysis of the human genome. Nature, 409, 860�921.International Human Genome Sequen
ing Consortium. (2004). Finishing theeu
hromati
 sequen
e of the human genome. Nature, 431, 931�945.Khoury, M. J., Beaty, T. H. and Cohen, B. C. (1993). Fundamentals ofgeneti
 epidemiology. New York and Oxford: Oxford University Press.Khuri, A. I. (2003). Advan
ed 
al
ulus with appli
ations in statisti
s (Se
onded.). Hoboken (New Jersey): Wiley-Inters
ien
e.Kong, A. and Cox, N. (1997). Allele-sharing models: LOD s
ores and a
-
urate linkage tests. Ameri
an Journal of Human Geneti
s, 61, 1179�1188.



REFERENCES 47Kosambi, D. D. (1944). The estimation of map distan
es from re
ombinationvalues. Annals of Eugeni
s, 12, 172�175.Kruglyak, L., Daly, M. J. and Lander, E. S. (1995). Rapid multipoint linkageanalysis of re
essive traits in nu
lear families, in
luding homozygositymapping. Ameri
an Journal of Human Geneti
s, 56, 519�527.Kruglyak, L., Daly, M. J., Reeve-Daly, M. P. and Lander, E. S. (1996).Parametri
 and nonparametri
 linkage analysis: A uni�ed multipointapproa
h. Ameri
an Journal of Human Geneti
s, 58, 1347�1363.Kruglyak, L. and Lander, E. S. (1998). Faster multipoint linkage analysisusing Fourier transforms. Journal of Computational Biology, 5 (1), 1�7.Kullba
k, S. (1968). Information theory and statisti
s (Se
ond ed.). NewYork: Dover.Kurbasi
, A. and Hössjer, O. (2004). On 
omputation of p-values in para-metri
 linkage analysis. Human Heredity, 57, 207�219.Kurbasi
, A. and Hössjer, O. (2006). Relative risks and e�e
tive number ofmeioses: A uni�ed approa
h for general geneti
 models and phenotypes.Annals of Human Geneti
s, 70, 907�922.Lander, E. S. and Botstein, D. (1989). Mapping Mendelian fa
tors underlyingquantitative traits using RFLP linkage maps. Geneti
s, 121, 185�199.Lander, E. S. and Green, P. (1987). Constru
tion of multilo
us geneti
 link-age maps in humans. Pro
eedings of the National A
ademy of S
ien
esof the United States of Ameri
a, 85, 2363�2367.Lander, E. S. and Kruglyak, L. (1995). Geneti
 disse
tion of 
omplex traits:Guidelines for interpreting and reporting linkage results. Nature Ge-neti
s, 11, 241�247.Leadbetter, R., Lindgren, G. and Rootzén, H. (1983). Extremes and relatedproperties of random sequen
es and pro
esses. Berlin: Springer-Verlag.Lyn
h, M. and Walsh, B. (1998). Geneti
s and analysis of quantitative traits.Sunderland, Massa
husetts: Sinauer Asso
iates , In
.



REFERENCES 48Malley, J. D., Naiman, D. and Bailey-Wilson, J. (2002). A 
omprehensivemethod for genome s
ans. Human Heredity, 54, 174�185.M
Peek, M. S. (1999). Optimal allele-sharing statisti
s for geneti
 mappingusing a�e
ted relatives. Geneti
 Epidemiology, 16, 225�249.Mendel, J. G. (1866). Versu
he über p�anzen-hybriden. VerhandlungenNaturfors
hende Vereinigung Brünn, 4, 3�47.Morgan, T. H. (1928). The theory of genes. New Haven: Yale UniversityPress.Morton, N. E. (1955). Sequential tests for the dete
tion of linkage. Ameri
anJournal of Human Geneti
s, 7, 277�318.Naiman, D. Q. and Priebe, C. (2001). Computing s
an statisti
 p-valuesusing importan
e sampling, with appli
ations to geneti
s and medi
alimage analysis. Journal of Computational and Graphi
al Statisti
s,10 (2), 296�328.Ni
olae, D. L. (1999). Allele sharing models in gene mapping: A likeli-hood approa
h (Do
toral thesis). Chi
ago: Department of Statisti
s,University of Chi
ago.Ni
olae, D. L., Frigge, M. L., Cox, N. J. and Kong, A. (1998). Dis
us-sion. Biometri
s, 54, 1271�1274. (Dis
ussion of arti
le by Teng andSiegmund, 1998)Ni
olae, D. L. and Kong, A. (2004). Measuring the relative information inallele-sharing linkage studies. Biometri
s, 60, 368�375.Nilsson, S. (1999). Two 
ontributions to geneti
 linkage analysis (Li
entiatethesis). Göteborg: Department of Mathemati
al Statisti
s, ChalmersUniversity of Te
hnology and Göteborg University.Ott, J. (1989). Computer-simulation methods in human linkage analysis.Pro
eedings of the National A
ademy of S
ien
es of the United Statesof Ameri
a, 86 (11), 4175�4178.Ott, J. (1999). Analysis of human geneti
 linkage (Third ed.). New York:The John Hopkins University Press.



REFERENCES 49Ploughman, L. M. and Boehnke, M. (1989). Estimating the power of aproposed linkage study for a 
omplex geneti
 trait. Ameri
an Journalof Human Geneti
s, 44, 543�551.Rabiner, L. R. (1989). A tutorial on hidden Markov models and sele
tedappli
ations in spee
h re
ognition. Pro
eedings of the IEEE, 77 (2),257�286.Ris
h, N. and Merikangas, K. (1996). The future of geneti
 studies of 
omplexhuman diseases. S
ien
e, 273 (5281), 1516�1517.Ross, S. M. (2006). Simulation (Fourth ed.). San Diego: A
ademi
 Press.Sham, P. (1998). Statisti
s in human geneti
s. London: Arnold Appli
ationsof Statisti
s.Sham, P., Zhao, J. and Curtis, D. (1997). Optimal weighting s
heme fora�e
ted sib-pair analysis of sibship data. Annals of Human Geneti
s,61, 61�69.Sham, P. C., Cherny, S., Pur
ell, S. and Hewitt, J. K. (2000). Power of linkageversus asso
iation analysis of quantitative traits, by use of varian
e-
omponents methods, for sibship data. Ameri
an Journal of HumanGeneti
s, 66, 1616�1630.Sham, P. C., Pur
ell, S., Cherny, S. and Abe
asis, G. R. (2002). Powerfulregression-based quantitative-trait linkage analysis of general pedigrees.Ameri
an Journal of Human Geneti
s, 71, 238�253.Shannon, C. E. (1948). A mathemati
al theory of 
ommuni
ation. BellSystem Te
hni
al Journal, 27, 379�423 and 623�656.Shih, M. C. and Whittemore, A. S. (2002). Tests for geneti
 asso
iationusing family data. Geneti
 Epidemiology, 22, 128�145.Siegmund, D. (1985). Sequential analysis: Tests and 
on�den
e intervals.Berlin: Springer-Verlag.Sobel, E. and Lange, K. (1996). Des
ent graphs in pedigree analysis: Appli-
ations to haplotyping, lo
ation s
ores, and marker-sharing statisti
s.Ameri
an Journal of Human Geneti
s, 58, 1323�1337.



REFERENCES 50Spielman, R. S., M
Ginnis, R. and Ewens, W. J. (1993). Transmission test forlinkage disequilibrium: The insulin gene region and insulin-dependentdiabetes mellitus (IDDM). Ameri
an Journal of Human Geneti
s, 52,506�516.Stra
han, T. and Read, A. P. (2003). Human mole
ular geneti
s (Third ed.).London and New York: Garland S
ien
e.Strau
h, K., Fimmers, R., Kurz, T., Dei
hmann, K. A., Wienker, T. F. andBaur, M. P. (2000). Parametri
 and nonparametri
 multipoint linkageanalysis with imprinting and two-lo
us-trait models: Appli
ation tomite sensitization. Ameri
an Journal of Human Geneti
s, 66, 1945�1957.Suarez, B. K. (1978). The a�e
ted sib-pair IBD distribution for HLA-linkeddisease sus
eptibility genes. Tissue Antigens, 12, 87�93.Tang, H. K. and Siegmund, D. (2001). Mapping quantitative trait lo
i inoligogeni
 models. Biostatisti
s, 2, 147�162.Taqqu, M. S. (1975). Weak 
onvergen
e to fra
tional Brownian motion andto the Rosenblatt pro
ess. Zeits
hrift für Wahrs
heinli
hkeitstheorieund vervandte Gebiete, 31, 287�302.Teng, J. and Siegmund, D. (1998). Multipoint linkage analysis using a�e
tedrelative pairs and partially informative markers. Biometri
s, 54, 1247�1265.Terwilliger, J. D. and Ott, J. (1992). A haplotype-based 'haplotype relativerisk' approa
h to dete
ting alleli
 asso
iations. Human Heredity, 42,337�346.Terwilliger, J. D. and Ott, J. (1994). Handbook of human geneti
 linkage.Baltimore and London: The John Hopkins University Press.Terwilliger, J. D., Speer, M. and Ott, J. (1993). Chromosome-based methodfor rapid 
omputer simulation in human geneti
 linkage analysis. Ge-neti
 Epidemiology, 10, 217�224.Thomas, D. C. (2004). Statisti
al methods in geneti
 epidemiology. NewYork: Oxford University Press.



REFERENCES 51Thompson, E. A. (2000). Statisti
al inferen
e from geneti
 data on pedigrees.Bea
hwood (Ohio) and Alexandria (Virginia): Institute of Mathemat-i
al Statisti
s and Ameri
an Statisti
al Asso
iation.Tu, I. P. and Siegmund, D. (1999). The maximum of a fun
tion of a Markov
hain and appli
ations to linkage analysis. Advan
es in Applied Prob-ability, 31, 510�531.Uhlenbe
k, G. E. and Ornstein, L. S. (1930). On the theory of Brownianmotion. Physi
al Review, 36, 823�841.Whittemore, A. S. and Halpern, J. (1994). A 
lass of tests for linkage usinga�e
ted pedigree members. Biometri
s, 50, 118�127.Xing, C. and Elston, R. C. (2006). Distribution and magnitude of type 1error of model-based multipoint lod s
ores: Impli
ations for multipointmod s
ores. Geneti
 Epidemiology, 30 (5), 447�458.Xiong, M. and Jin, L. (2000). Combined linkage and linkage disequilibriummapping for genome s
reens. Geneti
 Epidemiology, 19, 211�234.Zhao, H. (2000). Family-based asso
iation studies. Statisti
al Methods inMedi
al Resear
h, 9, 563�587.Ziegler, A. and Koenig, I. R. (2006). A statisti
al approa
h to geneti
 epi-demiology: Con
epts and appli
ations. Weinheim: Wiley-WCH.



A SOME NOTATION USED IN THE THESIS INTRODUCTION 52A Some Notation Used in the Thesis Introdu
-tionItem Introdu
ed Comments and Examples
{a, b, c} p. 5 A set, i.e. a 
olle
tion of elements.In this 
ase the elements are

a, b and c. In the same sensep. 23 {f(x); x ∈ [a, b]} may denotea 
ontinuous pro
ess, i.e. anun
ountable set, indexed overinterval [a, b].
f(A|B) p. 16 Conditioning. The fun
tion fapplied to A 
onditioned on,i.e. given, B. [Mainly used withrespe
t to probability fun
tions, i.e.

f = P (·) for probability measure P .℄
AT p. 21 Transposing. Inter
hanging rowsand 
olumns in matrix A.[Note that AT is a transposedve
tor if A is a (n×m)-matrixwith n = 1 or m = 1.℄
a! p. 28 The fa
torial fun
tion, i.e.

a! = a(a− 1) · · ·1,where a is a positive integer.
[

a
(

b [c(d)]
)] p. 31 Our adopted sequential delimitersystem. Applied both to 
ompositefun
tions and separators.

f(x) ∝ xa p. 48 Proportionality symbol. Here
f(x) is proportional to thefun
tion xa, i.e. f(x) = Cxawhere C is a 
onstant.
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ed Comments and Examples [
ont.℄
a : b : c p. 49 A ve
tor (v1, v2, . . . , vn) where:(i) The �rst value is v1 = a.(ii) For all k : 2 ≤ k ≤ n, the

kth element is vk = vk−1 + b.(iii) Moreover, c− b < vn ≤ c,i.e. the �nal value vn is at most c,but larger than c− b.
A\B p. 51 Complementary set to B with respe
tto A, i.e. x ∈ A\B if and only if

x ∈ A ∩ x /∈ B. [Also 
alled the relative
omplement of B with respe
t to A(Khuri, 2003).℄


