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Abstract

In linkage analysis or, in a wider sense, gene mapping one searches for disease
loci along a genome. This is done by observing so called marker genotypes
and phenotypes of a pedigree set, i.e. a set of multigenerational families, in
order to locate the loci corresponding to the underlying disease genes or, at
least, to narrow down the interesting genome regions.

In this context the key concept is the genetic inheritance of alleles with
respect to the phenotype outcomes. A significant deviation from what is
expected under random inheritance is taken as statistical evidence of existing
genetic components suggested to be located at the loci giving significant
results.

In this thesis introduction we begin by outlining the needed genetical
foundation of statistical genetics as well as some basic concepts, for instance,
the process of allelic inheritance, the genetic model, the pedigree set, the
inheritance vector and various types of genetic information. Next, we give
an introduction to one-locus nonparametric linkage analysis focusing on sig-
nificance calculations of nonparametric linkage (NPL) scores and, moreover,
make some comments on the generalizations to two-locus procedures and
the, related but contrasting, approach of parametric linkage analysis. In the
third section we very briefly discuss some competing and complementary sub-
fields within the context of statistical genetics and finally we put the papers
included in this thesis into context by summarizing their content.
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1 Genetics

In this introductory section we will present some background notation and
information, hopefully laying the foundation for subsequent understanding,
possibly increasing the utility, of the material to come. More thorough and
detailed treatments of included topics are e.g. given in the textbooks Sham
(1998), Ott (1999), Almgren et al. (2003), Strachan and Read (2003) and
Haines and Pericak-Vance (2006).

1.1 Basic Notation and Key Concepts

The human genome, i.e. operating manual, consists of 23 pair of chromo-
somes. In total 22 pairs are so called autosomes which are structurally equal
with respect to the sexes, whereas 1 pair constitutes the sez-chromosomes
which are content-wise sex-dependent. Throughout this work we will only
consider autosomes. The main chemical structure of the chromosomes is the
deozyribonucleic acid (DNA ), which is based on units called nucleotides that
each consists of a sugar (deoxyribonucleic), a phosphate and a nitrogeneous
base. There are 4 possible bases available: adenine (A), cytosine (C), guanine
(G) and thymine (T).

The physical structure of DNA is actually double-stranded, in the form
of a double-helix, but since the two strands are strictly complementary! one
might look at the chromosomal DNA as a single sequence of nucleotides
represented by the underlying bases. An alternative, but essentially similar,
view is to consider the whole (or parts of the) sequence as a word written
using the {A, C, G, T'}-alphabet.

The genetic code is organized into nucleotide-triplets, codons, which code
for specific amino acids. Obviously we may define 4* = 64 different codons,
but the code is degenerate in the sense that only 20 different amino acids
may be produced. This follows since several codons may code for the same
amino acid and some codons serve as code punctuation.?

In total the human genome consists of approximately 3x10° base pairs (bp).

!The genetic codes with respect to the two strands are structurally equivalent since the
only admissible bonds between these strands are A — T and C' — G.

2Start and stop codons, which tell the code interpreter to start or stop reading, i.e. to
begin or end a coding region.

30ne base-pair may be seen as one single position in the DNA sequence or, equivalently
understood, as one letter in the genomewide genetic word, i.e. as one instance of either A,

3
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A gene is a sequence of DNA, i.e. a unique amino acid sequence, at a specific
genome position which specifies the function and structure of a subunit in a
protein. Some genome regions are in this sense informative coding regions
(ezons) and the space between them are noncoding regions (introns). Recent
investigations specify the number of distinct genes to be about 20000-25000
(International Human Genome Sequencing Consortium, 2001, 2004). The
actual nucleotide-length of genes shows great variation.

A well-defined position® on the genome is called a locus (pl. loci). Loci lo-
cated on the same chromosome are syntenic. The opposite (complementary)
term is nonsyntenic. At each locus a human-being hosts two alleles.> These
alleles constitute the individual’s genotype. Different nucleotide sequences at
the same locus give rise to different allelic variants (polymorphisms). If a
genotype consists of two copies of the same allelic variant it is called homozy-
gous, otherwise it is heterozygous.

At a locus we may assume that the genetic variation is summarized by a
different allelic variants Aq, As, ..., A,. For an allele of a randomly chosen
individual, these variants occur with probabilities p1, pa,...,p,. A common
criterion of a polymorphic locus is that a > 2 and p; < 0.95 (Vi), but some-
times a slightly less restrictive constraint on the probabilities is used (e.g.
pi <0.99). The number of distinct genotypes is a(a + 1)/2.°

A general probabilistic assumption on the formation of distinct genotypes
is the Hardy- Weinberg equilibrium (HWE):

Definition 1. HWE means that the genotype probabilities are directly pro-
portional to the two corresponding allele frequencies, i.e. P(A;A;) = p? and

P(A;Aj) = 2pip; (i # j)-

Considering a randomly chosen individual this reflects a completely ran-

dom formation of a genotype given the set of allele frequencies.”

C,GorT.

4Should be understood as a small chromosomal segment.

5This makes the human organism a diploid species.

6Distinct here means that the unordered genotypes are different, i.e. the genotypes
A;A; and A;A; are not distinct.

"The genotype’s second allele is not dependent on the first allelic outcome.
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1.2 The Inheritance of Alleles

Of the 46 human chromosomes 23 are inherited from the father® (pater-
nal chromosomes) and 23 are inherited from the mother (maternal chromo-
somes). This implies that for each individual, at each locus, the genotype
consists of one paternal and one maternal allele. A simple inheritance exam-
ple is given in Figure 1. Knowledge of the parental origins of an individual’s
alleles implies that one may form an ordered genotype where the so called
phase is known. More generally, knowledge of an individual’s ordered geno-
types at several syntenic loci implies that one may infer the corresponding
haplotypes, see Figure 2.

unaffected
AB BC i man

]

affected

e

BC BB CD

. \\4 B D: alleles

B: paternal
D: materna

Figure 1: An example of the inheritance of alleles for a single small pedigree.

Each chromosome consists of mixed segments from the two corresponding
grandparents. In other words there is a blockwise chromosomal inheritance
of alleles interchangingly from both the grandparental chromosomes. The
positions where one block ends and a new one starts are called crossovers.
This behaviour is explained by the biological process of the formation of
gametes, i.e. sperm and ovum cells, which is called meiosis.

During meiosis all the chromosomes are duplicated and then the homolo-
gous chromosomes pair up, i.e. we have initially an arrangement of four (2x 2)
DNA strands known as chromatids. Now, some physical contact between

80ne from each pair of homologous chromosomes.
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/Iocus 1 Unanf]fgr(]:tedj
12 23 i
13 22
N . affected
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23 |
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20 11 (4 1): maternal
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Figure 2: An example of the inheritance of haplotypes for a single small
pedigree. We assume that the founder genotypes are phase-unknown. This
is typically the case unless information from previous generations is available.

nonidentical chromatids may occur. These positions are known as chiasmata
and correspond to crossovers. Moreover, there is at least one chiasmata per
chromosome pair. Finally, one of these genetically mixed chromatids is cho-
sen, so to speak, for reproduction. This complex process is schematically
shown in Figure 3.

Inheritance at different chromosomes is independent. For each chromo-
some, occurrence of a crossover at a locus usually lowers the probability of
having a second crossover in close vicinity of this locus. This phenomenon is
referred to as positive chiasma interference. Moreover, the human genome
hosts both so called hot spots and cold spots, which are chromosomal regions
with high and low intensity of crossovers respectively. Often it is a good ap-
proximation to ignore chiasma interference and assume that crossovers occur
randomly according to a Poisson process. If variation of spot temperature is
ignored as well, the Poisson process has constant intensity.

Equipped with the concept of crossovers one may introduce a new measure
of distance. The genetic distance g is measured in units of Morgans,? based on
the concept of expected number of crossovers between loci. Formally, given
two loci, [; and I, located 1 Morgan from each other, there is an expected

9The alternatively used physical distance is simply measured in base-pairs.
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Figure 3: A simple overview of a single meiosis: 1) The replicated homol-
ogous chromosomes pair up. 2) Some physical contact at chiasmatas occur
between the two pairs of chromatids. 3) Four mixed strands of DNA ready
for reproduction.

number of 1 crossover for each meiosis, with respect to the actually inherited
chromatid, between these loci. Since crossovers occurs with higher intensity
for females than for males, this distance measure is really sex-dependent, but
often one uses sex-averaged numbers. Adopting the latter approach gives
us a total genetic length of 35.75 Morgans of the human autosomes (Collins
et al., 1996). On average 1cM = 0.01M corresponds to a physical distance
of 10bp although the intensity of crossovers varies along a chromosome.

Alternatively one may define genomic distance using the concept of re-
combination. If the alleles transmitted by a parent at two loci, [; and [, are
inherited from the same grandparent they are said to be nonrecombinants.
Otherwise, they are referred to as recombinants. If a recombination has oc-
curred between [; and ls we know, by definition, that there has been an odd
number of crossovers between them.

The probability of recombination between two arbitrary loci [y and Iy is
called the recombination fraction and is denoted by 6 = 6(ly,15). Obviously,
according to the blockwise inheritance, this parameter is an increasing func-
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tion of the genetic distance between the loci.

Normally there is a one-to-one function between the recombination frac-
tion and the genetic distance. The link between these concepts is called the
map function. Several suggested map functions exist in the literature, each
choice corresponding to a specific way of modeling crossovers.

The most common one, which we exclusively use in this thesis, is the
Haldane map function (Haldane, 1919), defined by,

g= —% In(1 — 26), (1)

where ¢ is the genetic distance. This function corresponds to lack of inter-
ference and, as pointed out above, for each chromosome yields a Poisson(g)
distributed number of crossovers between [; and [,. From this follows that
the distance between crossovers with respect to a single meiosis is exponen-
tially distributed.!® Other well-known map functions are defined by Morgan
(1928) and Kosambi (1944). The Morgan function,

g=20,

is valid if excluding multiple crossovers (complete interference) and may
therefore be used as an approximation over short distances. Somewhat more
involved is the Kosambi function,

1, (1420
I=3""\ 1229 )

which models interference as being large at small distances, then decreasing
with distance.

To prove (1), we notice that an odd number of crossovers ¢ is needed
between two loci for them to be recombinant. If the crossovers are purely
random (no interference) they follow a Poisson process with expected value
g = E(c). This gives,

i Plc=2i—1|g) = iexp g* /(20 —1)!

_ {1 — exp(—2g) -

1
— In(1-2

With intensity and mean value 1 if measured in Morgans. If using centiMorgans these
numbers will be 0.01 and 100 respectively.
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where we used that Y0, ¢%~!/(2i — 1)! = § [exp(g) — exp(—g)], which is
based on standard Taylor expansions.

Looking at (1), and most of its existing alternatives, one may note that
0 < 6 < 0.5 is required.!! This is no coincidence since generally two loci,
1 and [y, are considered to be unlinked, i.e. the inheritance at these loci are
independent, if & = 0.5. This is interpreted as the distance between these
loci being infinitely large, g(l1,l3) = oo, or that there is an infinite expected
number of crossover between them, meaning that they are located on different
chromosomes. The other extreme case is 8 = 0 which corresponds to l; = [o,
i.e. inheritance at these loci is completely dependent or linked. Intuitively
this seems surprising, but it makes sense when we compare a hypothetical
disease locus with a so called marker locus in close vicinity.

1.3 Mendel, Markers and General Information

In one sense modern research in genetics started with the Austrian monk
Johann Gregor Mendel’s (1822-1884) publication on the inheritance in the
pea plant (Mendel, 1866). He observed the behaviour of random inheritance
(RI) and independent assortment (IA), which today are known as the first
and second Mendelian laws on inheritance. Next, we will formally define

these concepts and also introduce what is known as the assumption of random
mating (RM).

Definition 2. RI means that the parental alleles are transmitted with equal
probabilities to the offspring and this is done in an independent way when
considering multiple offspring.

Definition 3. IA means that normally the inheritance at distinct loci are
performed in an independent way. Deviances from this rule is referred to as
genetic (or physical) linkage.

Definition 4. RM means that the mating of parents is not dependent on
genetic factors, i.e. the probability that a mating couple has genotypes Gp
(paternal) and Gy (maternal) is P(Gp)P(Gay).

Consider |{| different loci. If we denote the number of allelic variants at the
i'" locus with a;, then we may form h = a;a, - - -ay distinct haplotypes. This

1Tn some cases with interference present, one may find # > 0.5. Generally this theo-
retical possibility is not considered to be of practical importance in the context of linkage
analysis (Ott, 1999).
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gives a total number of h(h+1)/2 different multi-loci genotypes and leads to
the definition of so called allelic association (AA) or linkage disequilibrium
(LD).

Definition 5. AA (or LD) means that the probability for at least one hap-
lotype Ay Ay, -+ - Aiy, of a randomly chosen individual satisfies,

1 42 |l 1,2 Il
P<Ai1Ai2 o AZ‘”) # pilpig o .pim‘

Here i; € {1,2,...,a;} is an index number and Agj the corresponding allelic

variant at the 7 locus which occurs with probability pfj.

Assume we want to perform a gemome scan with respect to a genome
region €). In order to do so we have to define genetic markers throughout €2,
facilitating the investigation of inheritance at these positions. A marker is a
locus of known chromosomal position, where it is possible to measure allelic
outcomes and where the population shows allelic variation, i.e. each marker
locus is polymorphic.

In order to perform linkage analysis one needs to define polymorphic mark-
ers throughout €2, estimate allele frequencies corresponding to all possible
allelic variants at included markers and use this set of markers to produce

2 This involves: (i) Ordering the markers with respect to

a marker map.'
chromosomal position. (ii) Specifying the distances between each consecu-
tive pair of markers. If this is done using genetic distances one has produced
a genetic marker map, whereas a physical marker map measures distances in
base-pairs.!?

The degreee of polymorphism of a marker at locus x € €2, with a allelic
variants and corresponding allele frequencies pq, ps, . .., ps, may be defined in

different ways: (i) Through the heterozygosity (H) value,

H(w)=1-3% p}. (2)

12G¢trictly speaking, a marker map is only needed when performing multipoint analyses.

13Geveral different techniques for measuring or constructing genotyping markers ex-
ist. This includes, for example, restriction fragment lengths polymorphisms (RFLPs),
microsatellite markers and single nucleotide polymorphisms (SNPs). See Strachan and
Read (2003) and Haines and Pericak-Vance (2006).
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This is the probability for an arbitrary individual of being heterozygote at
locus x. (ii) Through the polymorphism information content (PIC) value,

a a—1 a
PIC(x)=1-> p}=>_ " 2%, (3)
i=1 i=1 j=it+1

where the last sum is the probability that a child’s genotype is heterozygous
with unknown phase.'* Both (2) and (3) quantify marker informativity on
the population level.

1.4 The Genetic Model

Usually in linkage analysis one investigates inheritance of alleles with respect
to a given disease. More generally one may divide the set of individuals
in the study with respect to their phenotypes. This is a non-genetically
observable quantity that may be qualitative or quantitative. Throughout
this text we will only consider the binary qualitative phenotype of affection
status. Typical examples of a quantitative phenotypes are body-mass-index
(BMI) and body weight.

For an underlying disease to be genetically inheritable, i.e. to include a ge-
netic component, some kind of correlation between the phenotype and the dis-
ease genotypes must exist. This is described by means of a genetic model \.
One may note that A usually, at least to some extent, is unknown so, if
needed, it is estimated prior to analysis using so called segregation analysis.
Moreover, the disease may be governed by one or several different possibly
interacting genes, monogenic and polygenic diseases respectively. The latter
case is also referred to as a complex disease. If several distinct allelic variants
at the same locus are susceptible with respect to the disease we speak of al-
lelic heterogeneity and if more than one locus independently are susceptible
to the disease we phrase this as locus heterogeneity.

The complete genetic model may be summarized as,

A= (p, f.1), (4)

where p is the set of disease allele frequencies, f is the set of penetrance
values, describing the link between phenotypes and disease genotypes, and

4Each term corresponds to the probability that: (i) An arbitrary pair of parents has
the unordered-genotype mating-type A;A; x A;A; (i < j). (ii) A corresponding offspring
inherits the uninformative unordered-genotype A;A;.
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[ defines the disease loci positions. We will now more formally describe
these components for the one-locus (monogenic) case and then make some
comments about the two-locus case.

One-Locus Case Generally one assumes a biallelic disease locus with dis-
ease allele D and normal (wild-type) allele d. The disease allele frequency is
denoted by p = P(D) and the normal allele frequency by ¢ = 1—p = P(d).*®

The probabilistic link between the disease phenotypes and genotypes is
given by the penetrance vector,

f:(f07f1af2)a (5)

where f; = P(affected | i disease alleles). This gives the disease structure,
whereas the disease allele frequency, with respect to this structure, decides
how common the disease will be. Finally, in this case [ = [; gives the actual
location of the single disease locus.

Another parameter of interest is the prevalence K, i.e. the genetically-
unconditional population-wise probability of disease, defined as,

K = foq® + fi2pq + fop”.

If there is no genetic component of the disease,

f = (f07f17f2) = (K7K7 K)

Two-Locus Case This is a straightforward generalization of the one-locus
case. The disease alleles are denoted D; and Dy, where D; is the disease allele
at the i*® disease locus, having disease allele frequency parameter p = (py, po)
with p; = P(D;) and py = P(Ds).

The penetrance vector in (5) is generalized to a 3 X 3 penetrance matriz,

Joo Jor  Jo2
f: Jio fu fiz ]
Jao far fo2

where f;; = P(affected | i of Dy, 7 of Ds).

Finally, | = (I1,[2) denotes the chromosomal positions of the two disease
loci. Often [; and Iy are assumed to be nonsyntenic, i.e. ¢(l;) # ¢(lz) where
c(x) is the chromosome where z is located.

15In general D and d may be thought of as collections of several different allelic variants
with similar phenotypic effects.



1 GENETICS 12

1.5 The Pedigree Set and Allele-Sharing

We assume there is phenotype and genotype information from a given pedigree
set, which is a set of (possibly) multigenerational families. See Figure 4 for

o
Q Eﬁlo

, 2 , O

O P TEYE)

O 7

3

Figure 4: A pedigree set consisting of seven different pedigrees of varying

an example.

1

pedigree structure and phenotypic configurations.

Each pedigree may be divided into subsets of founders and nonfounders,
where the parents of the founders are not included in the pedigree, whereas
both of the parents of a nonfounder are. The inheritance within a pedigree
may be seen as the distribution of alleles from the founders to the corre-
sponding nonfounders (descendants).

Family-based gene mapping is, explicitly or implicitly, based on allele-
sharing between individuals in a pedigree. In this context, we say that:
(i) Two individuals share an allele identical-by-descent (IBD) if they have
both inherited exactly the same allele, i.e. an identical founder allele, from
a common ancestor. (ii) Two individuals share an allele identical-by-state
(IBS) if they have both inherited a common allelic variant.

Obviously IBD is a stronger sharing property than IBS, since sharing
an allele IBD implies sharing IBS as well. Throughout this text we will
exclusively be interested in test statistics based on IBD-sharing since they are
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more efficient for testing genetic linkage. A simple example of allele-sharing
IBD and IBS is given in Figure 5. Moreover, given the pedigree structure

43 24 |
) - (i) 1 and 2 share:
! 1 allele IBS,
O alleles IBD.

(i) 3 and 4 share:

° ~ lallele IBS,
| 1 allele I1BD.

44 34

Figure 5: An allele-sharing example of an affected sib-pair (ASP) pedigree.

the IBD-sharing is completely explained by the corresponding inheritance
vector, which will be introduced and explained in the next subsection.

Consider an affected sib-pair (ASP) pedigree, see Figure 5. In the one-
locus case, the sib-pair may share either 0, 1 or 2 alleles IBD. This may be
summarized in the IBD-sharing vector,

2
z = (20,21, 22); where Zzi =1, (6)
i=0

and z; is the probability for the ASP to share i alleles IBD at the disease locus.
In the two-locus case one may generalize (6) to the IBD-sharing matriz,

200 <01 02 2
z = Z10 211 212 | where E Zij = 1, (7)
Zo0 221 222 6,j=0

and z;; is the probability for the ASP of sharing ¢ and j alleles at the 1% and
2nd disease locus respectively. The IBD-sharing vector (matrix) 2z depends
on the genetic model A and the locus (loci) at which IBD-sharing is (are)
evaluated. Discussions on further constraints on z are given, for instance,
by Holmans (1993), Dudoit and Speed (1998) and Bengtsson (2001). Such
constraints are induced by sets of valid disease models. A classic reference
with respect to one-locus IBD-sharing is Suarez (1978).



1 GENETICS 14

Example 6. Introduce 2’ = (2,21, 25), where 2} is the probability for an
ASP of sharing i alleles IBS under the null hypothesis of no linkage (ran-
dom inheritance), conditioned on the founder alleles. Now look at the three
ASP pedigrees in Figure 6. From left to right, the IBS-sharing probabili-
ties are 2 = (0.25,0.5,0.25), 2/ = (0.125,0.5,0.375) and 2’ = (0,0,1) re-
spectively.  Contrastingly, the corresponding IBD-sharing vector (6) equals
z = (0.25,0.5,0.25) for all three pedigrees.

AB CD AB AB AA AA

Figure 6: Three ASP pedigrees with different founder-allele configurations.

We end this subsection with a few words on a common abuse of notation.
Generally one uses the notion allele for two distinct purposes: (i) For the type
of allele, i.e. the actual allelic variant. Examples: A, B, 1 or 2. (ii) For the
origin of the allele, i.e. the actual ancestral founder allele. Examples: "The
paternal allele of the third founder’ or 'The fifth founder allele’. In this
respect IBD and IBS analysis correspond to allele-sharing with respect to
allelic origin and type respectively.

1.6 The Inheritance Vector and Entropy-Based Infor-
mation Contents

Consider a pedigree consisting of n individuals, including f founders and n— f
nonfounders. There are m = 2(n — f) meioses associated with the pedigree,
since each nonfounder inherits one paternal and one maternal allele.

One of the core concepts in this thesis is the inheritance vector v(z) (Don-
nelly, 1983). This binary 0-1 vector efficiently summarizes all the inheritance
information at locus z for a single pedigree as,

v(z) = (p1, M1, P2, Ma, ..., Do f, Mn_f), (8)

where p;, and m,; correspond to the i nonfounder’s paternal and maternal
allele respectively, i.e. each value is connected to a specific meiosis.
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crossovers

p 1 0 1 1 0 meiosis 1
1 0o | 1 0 Chromosome 1
m—l ; meiosis 2
locus x —
p 1 1 0 meiosis 1
0 . 0 Chromosome 2
m_1

| meiosis 2
locus x —

~ Inheritance information from
| the first nonfounder, i.e. ‘
meioses number 1-2.

From grandfather
i From grandmother

Figure 7: A schematic artificial inheritance vector example of two chromo-
somes and two meioses.

At a crossover point v(z) will change since the corresponding meiosis, p;
or m; for some 7, switches between 0 and 1. We let 0 and 1 correspond
to inheriting the grandpaternal and grandmaternal allele respectively. Given
the inheritance vector and pedigree structure, the IBD sharing in the pedigree
is unambiguous, i.e. known with probability one. A schematic overview is
given in Figure 7 and a small pedigree example in Figure 8.6

Given data, measures on the locus-specific information content or marker
data information may be based on the certainty of the outcome of v(x).
Here we will present the entropy-based information measure Iz of Kruglyak
et al. (1996). For further discussion and suggestions of other information
measures, see Teng and Siegmund (1998), Nicolae et al. (1998), Nicolae
(1999) and Nicolae and Kong (2004).

'6Simultaneously considering |I| syntenic loci x = (21,232, ...,x);), the complete inheri-
tance picture is summarized by the m x |I| inheritance matriz,

v(x) = [v(xl)T,v(acg)T, ... ,U(IM)T] ,

where the i*" row and jth column correspond to the equally indexed meiosis and inheri-
tance vector (8) respectively.
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unaffected
man

L]

affected

@ ) ‘ woman

23 11 24

Y

Alt.: (i) v(x)=(1,0,0,1,0,1)
(i) v(x)=(1,0,0,1,1,1)

12 31

4 : maternal

Figure 8: An inheritance vector example of a small three-generational pedi-
gree. In the ideal case when the phase of all founders is known, only two
different inheritance vectors are possible given marker genotype data.

Definition 7. Considering a discrete probability distribution based on |y|
distinct outcomes Y1, Yz, ..., Yy with probabilities pi,pa, ..., py, where p; =
P(y;). The entropy E (Shannon, 1948; Kullback, 1968) with respect to this

distribution s,
]

E=-) pilog,p;. (9)
=1

The minimum value 0 of (9) is attained when the p,-distribution is one-point
and the maximum log,(|y|) is attained when the distribution is uniform.

In our case, for a single pedigree, we face m = 2(n — f) meioses and
therefore |y| = 2™ different valid outcomes of the corresponding inheritance

vector, wy, ws, ..., wsm, with probabilities,
pi = P(v(z) = w;]MD); i=1,2,...,2™, (10)
where MD is the marker data. The entropy-based information content is
given by,
EO — E(l’)
1 == 11
E(x) EO _ Emin ? ( )

where F(z) is the observed entropy at locus z , Fy its maximal possible value
m and FE,,;, its minimal value. When the phase of all founders is known we
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put F.i, = 0. In general, however, the phase of all founders is unknown
and By, = f, since switching of founder alleles results in 27 equally likely
inheritance vectors. In any case, Ip(z) ranges from 0 (no marker information)
to 1 (complete marker information).

1.7 How to Collect Information

There are two distinct ways of collecting or extracting the available inheri-
tance information from the complete set of genotypes in the pedigree set: (i)
Single-point analysis, where for each locus x one uses only marker genotypes
at this locus when reconstructing the inheritance distribution (10). (ii) Mul-
tipoint analysis, where for each locus x one uses all marker genotypes from
chromosome c¢(x) when defining algorithms for computing the inheritance
distribution (10).

Given a well-defined genetic marker map and assuming no interference,
which leads to the Haldane’s map function (1), one may use that, for each
pedigree, the inheritance process {v(z); x € 1} over the genomic region 2
is a time-homogeneous Markov chain with state-space defined by the 2™ in-
heritance vectors. Given data, one calculates a multipoint-based inheritance
distribution (10) using the theory of hidden Markov models (HMM) by in-
terpreting marker genotypes and inheritance vectors as observed and hidden
variables respectively. The transition matrices between markers may eas-
ily be derived assuming a Poisson distributed number of crossovers between
consecutive markers.!”

An original HMM-algorithm performing this task was presented by Lander
and Green (1987). A detailed review was recently published in the textbook
of Ziegler and Koenig (2006). Later, this algorithm has been updated with
several speed-ups. Some extensions are described, for instance, by Kruglyak
et al. (1995, 1996), Kruglyak and Lander (1998), Gudbjartsson et al. (2000)
and Abecasis et al. (2002). General HMM-theory, implementations and ap-
plications are discussed, for example, by Rabiner (1989) and Cappé et al.
(2005). An alternative algorithmic approach for computing the inheritance
distribution (10) was introduced by Elston and Stewart (1971). The com-
plexity of this algorithm increases only linearly with increasing pedigree size

"The relation between hidden and observed variables may be analyzed by checking the
consistency between all possible founder genotype configurations and inheritance vectors,
see Sobel and Lange (1996) and Kruglyak et al. (1996) for details.
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but exponentially with the number of markers. The opposite is true for the
Lander-Green algorithm.

AB CD-<+—1locus x
ACL | AC-+—locusy

BC AD
AC AC

- )

Figure 9: An ASP pedigree, being used in Example 8 for some simple mul-
tipoint calculations for loci x and y.

Example 8. Consider the ASP pedigree of Figure 9 and two loci x and y
with recombination fraction 6 between them. Assume that the phase of the
parental genotypes is known, with the convention that the left haplotype is the
paternal one. Now, with probability one v(x) = (1,0,0,1) and the possibilities
of consistent inheritance vectors for v(y) are,

(1,0,0,1), (1,0,1,0), (0,1,0,1), (0,1,1,0).
Using multipoint analysis the corresponding probabilities are,
(1 - 0)4) (]- - 0)202; 02(]‘ - 0)2) 047

whereas if using single-point analysis at y all four outcomes above are equally
likely.

The multipoint approach increases the information content (11) and hence
extracts available information more efficiently at the price of increased com-
putational complexity.

2 Nonparametric Linkage Analysis

Linkage analysis aims at using statistical approaches to find locus (loci)
involved in the genetic component of a disease under study. Qualitative-
phenotype linkage analysis may be performed in two quite different ways,
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the parametric and the nonparametric way, making different assumptions
prior to the analysis. In this thesis we adopt the nonparametric approach.

The term nonparametric refers to the fact that no explicit assumptions
on the underlying genetic model A in (4) are made and corresponding non-
parametric statistical tests usually depend on the concept of allele-sharing
IBD. To perform a test, the actual sharing in the pedigree set is calculated
and compared, through a properly chosen test statistic, with the expected
sharing under the null hypothesis. In nonparametric linkage analysis genetic
linkage at locus x means that the inheritance of alleles at x is correlated with
the phenotype of interest.

This implies, for properly defined disease phenotypes and genetic models,
that on average two affected individuals will share more alleles than is ex-
pected under the null hypothesis Hj of no linkage. In the one-locus case one
may state the pair of tested hypotheses as,

H, : Disease locus unlinked to z. (12)
H, : A disease locus at x.
when testing a single locus and as,
H, : No disease locus linked to €. (13)
H; : At least one disease locus along €.

when testing a whole region (2.

2.1 Parametric Linkage Analysis

Here one assumes a known (or rather estimated) genetic model X in (4) which
must be defined prior to the analysis. The most common test statistic is the
likelihood ratio-based lod-score statistic, which for the single-point case is
defined as,

P(Y,MD(z) | 6, )

P(Y,MD(x) | 0.5,\) |’

where Y and MD(x) refer to phenotypic data and marker data at locus x

Z(0; X) = logyg

respectively, 6 is the tested recombination fraction between the disease locus
and z, and \ is the genetic model. In this case we use Z(0; \) as test statistic
for (12) and the maximum lod-score Zmax = Supg<p<gs Z(0; A) as test statistic
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for (13) with Q = ¢(x), which can be written as,

Hy: 6=0.5
Hi: 0<60<05

For the multipoint case the lod score statistic is only slightly altered into
the form,'®
P(Y,MD | 2,))
Z(x;\) =1
where MD is the complete set of marker data from €2 and x is the hypothesized
position of the disease locus [. We use Z(x; \) as test statistic for (12) and

(14)

the maximum lod-score Zp,,x = sup,cq Z(x; ) as test statistic for (13).

The original lod-score reference is Morton (1955) which is based on results
and procedures given by Haldane and Smith (1947) and Barnard (1949).
Some modern references are Terwilliger and Ott (1994), Kruglyak et al.
(1996), Ott (1999), Kurbasic and Héssjer (2004, 2006) and Xing and Elston
(2006).

2.2 Score Functions

For the one-locus case, the nonparametric test statistic is based on a score
function S(v), which assigns a number to each possible pedigree-wise IBD-
sharing structure (or inheritance vector).!'” As noted above, one is normally
interested in increased allele-sharing among affecteds since this indicates pres-
ence of genetic linkage between the marker and disease loci.

The relative performance of different score functions, in terms of statistical
power, depends on the underlying genetic model and the structure of the
pedigree set.

Two commonly used score functions were introduced by Whittemore and
Halpern (1994). Firstly, Spais is based on IBD-sharing among all pairs of
affected individuals in the pedigree,

Spairs (V) = Y _ IBD(4, ),

(3,5)€A

18 An explanation to the oo-sign in the denominator of (14) is that, under the null
hypothesis, the disease locus is unlinked to all chromosomes constituting 2.

190One may note that this notion of a score function may be seen as adopting a data-
mining perspective where such functions are used for scoring patterns, in this case inheri-
tance patterns (Hand et al., 2001).
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where ¢ < j, A is the set of affecteds and IBD(4, j) is the number of alleles
shared IBD between individuals ¢ and 3.

Secondly, S,y is based on the simultaneous IBD-sharing among all the
affecteds in the pedigree,

2f
Sfv) = g SO b,

heH i=1

where |A| is the number of affecteds, H is a set containing all ways of selecting
one allele from each affected, 2f is the number of founder alleles in the
pedigree and b;(h) is the number of times the i*" founder allele is present in
selection h.?0

BD

Figure 10: An example pedigree used in Example 9 regarding the comparison
of different score functions.

Example 9. Consider the pedigree in Figure 10. Ordering the nonfounders
from left to right the inheritance vector v=(0,0,1,0,1,0,1,1) is fully known if
both parents have known phase. Calculating Spurs and Sqy we get,

Spairs (V) =(1+1+142+1+1)=7,
San(v)=(24+6+6+6+6+4+2+2+2+2+2+2+2+2+1+1)/16=35/8.

For instance, for Sa, if h = {B,C,C, B} we get [[_, b;(h) = 012!210! = 4.2!

20The selection h consists of |A| alleles that may be grouped according to their ancestral
history, i.e. each allele is a copy of one of the 2f founder alleles. The link to the number
of members in the i*" group is b;(h).

> Both Spairs and Sy are calculated, given v, using the group of affecteds A only. Each
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Given a well-defined genetic model X in (4) it is possible to derive differ-
ent kinds of optimal score functions, based on different optimality criterions
(McPeek, 1999; Hossjer, 2003b, 2005¢), which then implicitly leads to the use
of both affecteds and unaffecteds through their corresponding definitions. In
applications X is most oftenly not fully known leading to extensive usage of
score functions that may be designed to have good performance for a (suffi-
ciently) wide range of genetic models.

2.3 The NPL Score

To ease interpretation and significance calculations we standardize?? the score
function under H, according to,

S() = ————, (15)
where, for a pedigree with m meioses,

0_2 — ZQ_WS(wz)2 o M2

are the mean and variance of S, prior to standardization, under the null
hypothesis Hy of no linkage.

The standardized score function is used to calculate, at locus z, the
pedigree-specific nonparametric linkage (NPL) score,

2() = 3 p(w)S(wy), (16)

where p(w;) = P(v(z) = w;|MD) is the inheritance distribution at z.

such traditional score function S corresponds to an extended score function S’,
S'(v) = S (v|AUTUA) = S(v|A) + S(v|]UA),

where UA is the set of unaffecteds and S(:|B) is the traditional score function replacing the
subgroup of affecteds with the arbitrary subgroup B. This may increase power since we
extract more inheritance information, but the computational complexity may be alarm-
ingly increased and the gain small for many genetic disease models. For more information,
and additional extended versions, see Angquist (2006).

22 Also referred to as normalization. Note that we end up with the standardized prop-
erties F(S|Hp) = 0 and V(S|Hyp) = 1.
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For a pedigree set consisting of N pedigrees we combine the pedigree-
specific scores (16) into the (total) NPL score as,

Z() = 3 (), (17)

where Zj, is the NPL score (16) and ~y; the weight assigned to the k! pedigree.
The pedigree weighting scheme is chosen as ch\le 72 =1 in order to assure,

E(Z(z)|Ho) = 0 and V (Z(z)|H,) < 1, (18)

with equality for complete marker information.?> The actual weights may
be chosen according to pedigree size, structure, information or inheritance
at other loci. We use Z(z) as test statistic for testing a single disease locus
through (12). Oftenly, such tests are based on a perfect-data approrima-
tion, which corresponds to calculating the null distribution assuming that
V(Z(x)|Hp) = 1 and implies conservative p-value estimates when facing im-
perfect data.?* An alternative definition of total NPL score was proposed by
Kong and Cox (1997), which leads to less conservative tests for incomplete
marker data.

Calculating the NPL score with respect to a set of loci leads to a stochastic
process {Z(x); x € Q}, the NPL process. A simulated example is given in
Figure 11. According to the blockwise inheritance of chromosomal segments,
NPL scores at linked loci are correlated. The multipoint approach increases
the NPL score correlation at closely linked loci, as an effect of smoothing the
observed NPL score process.

To test (13) we use the maximum of the NPL process over €, referred to
as the maximum NPL score Z.x = sup,cq Z().

23The inequality in (18) follows for one pedigree from,

1= V(s [U(:c)]) -V [E(s [v(2)] |MD)} +E [V(s [v(2)] |MD)}
>V [E(s [o(2)] |MD)} =V [Z(z)],

assuming expectation and variance is taken under Hy. See also Kruglyak et al. (1996).

24 Missing genotypes, homozygosity, usage of single-point analysis or multipoint analysis
with a sparse marker map leads to loss of inheritance information, i.e. increased inheritance
vector ambiguity, implying a decrease of the NPL score variance. The extreme case of
totally uninformative marker data for a pedigree leads to a constant score Z(x) = 0 in
(16). If the underlying combination of pedigree structure, score function and phenotypic
configuration is totally uninformative, the unstandardized scores S(v) are independent of
v which, using (15), implies a not even well-defined procedure.
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Simulated NPL-Process

L L L L
0 0.5 1 2 25 3

15
x (Morgans)

Figure 11: A simulated NPL process along a single chromosome of length
3 Morgans, assuming perfect marker data. The underlying score function
is S, the pedigree set consists of N = 10 (homogeneous) pedigrees of the
same structure as in Figures 1-2 and 8 with equal weights ~, = 1/+/10.

2.4 Calculating the Statistical Significance

Consider a test statistic Z, which is either a pointwise (Z = Z(z)) or
genomewide® (Z = Zyax) NPL score. The significance level of a test which
rejects Hy when Z > T', where T' is a given score threshold, is,

a(T') = P(Z = T|Hy), (19)
when the null hypothesis is simple. The power function,
B(T) = P(Z = T|Hy), (20)

depends on the genetic model A\. Given a test result Z = z, one may calculate
the p-value a(z).
In the pointwise case, when N is large, one may use the approximation,

Z(z) € N(0,1), (21)

of (17), based on the Central Limit Theorem. This leads to the approxima-
tion,

a(T)~=1-9(T),

25That is, if  is the whole genome.



2 NONPARAMETRIC LINKAGE ANALYSIS 25

where ® equals the standard normal N(0,1) distribution function. This ap-
proximation is usually conservative, due to (18), when marker data is incom-
plete.

In the genomewide case, the distribution of Z,.. is less tractable. It
may be computed using either Monte Carlo simulation or analytical approz-
imations. In the latter case one uses extreme-value theory of the stochas-
tic process {Z(x); = € Q}, see e.g. Leadbetter et al. (1983), Siegmund
(1985), Aldous (1989), Lander and Botstein (1989), Feingold (1993), Fein-
gold et al. (1993) and Tu and Siegmund (1999). A small-scale example of
the genomewide significance level (19) is given in Figure 12.

Simulated Significance Curve
1 T T T

0.9 q

0.8 q

0.7 q

>T)

0.6 q

max

051 B

=Pz

041 =

a(T)

0.3 4

0.2 bl

0.1 q

0 | | | L !
3 4 5 6

2
T (NPL threshold)

Figure 12: A simulated genomewide significance level curve for a single chro-
mosome of length 3 Morgans, assuming perfect marker data. The score
function and pedigree set are as in Figure 11.

The advantage of a closed form analytical approximation is ease of compu-
tation, even for large thresholds. On the other hand, the approximation may
be more or less accurate according to the assumptions made. It is common
to assume:

One That the NPL score (17) is marginally normally distributed, with ex-
pected value equal to zero, for all loci under Hy. Deviations from this
assumption will, depending on the type of nonnormality, imply either
conservative or anticonservative approximations.
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Two That the variance of the NPL score in (17) equals one at all loci,
i.e. to use the perfect-data approximation. This implies conservativity
according to (18).

Three That 2 is continuous, i.e. an infinitely dense marker map is used.
This implies conservativity.

The Monte Carlo approximation of Section 2.6 is more accurate provided the
number of replicates is large enough. On the other hand, computationally it
can be very slow, especially for large thresholds.

2.5 Significance Calculations through Theoretical Ap-
proximation

The most commonly used theoretical approximation (Lander and Botstein,
1989; Feingold et al., 1993; Lander and Kruglyak, 1995) is based on the
assumption that the NPL process is a stationary continuous-time Gaus-
sian process with N(0,1) marginals. Moreover, the process is assumed to
be Ornstein-Uhlenbeck-like (Uhlenbeck and Ornstein, 1930; Hsu and Park,
1985; Blackwell, 2002). By this we mean that the process is non-differentiable
and the autocovariance function,

rz(h) =C|Z(x), Z(x + h)],

has a non-zero right-hand side derivative r,(0) at zero.
Following Lander and Kruglyak (1995), the approximation &(7") of the
genomewide significance level (19) is defined as

&(T) =1 —exp [-p(T)], (22)

where
u(T) = [C + 2pgT?|ap(T). (23)

In (22)-(23) we have that C' = C(Q) is the number of chromosomes in €2,
g = g(Q) is the total genome length of Q in Morgans, p = —r%(0)/2 is the
crossover rate and ap(7') = 1—®(T) the approximative pointwise significance
level with respect to the threshold T'.

Extensions of (22) are given by Tang and Siegmund (2001) where cor-
rection for nonnormality, in the form of distributional skewness, of the NPL
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score is introduced. Further, based on works of Siegmund (1985) and Fein-
gold et al. (1993) a relaxation of the assumption of a continuous-time process
into a finite number of equidistant markers is made.

The crossover rate p in (23) reflects the fluctuation of the NPL process,
i.e. how often the score changes and how large these changes are. It may be
expressed for arbitrary pedigrees (Hossjer, 2001, 2003a; Angquist, 2001) as,

p=1 27 D I8w) 5w+ ), (24)

weV j=1

where S is a standardized score function (15), V is the set of possible inheri-
tance vectors and e; is an inheritance vector with one in the j* position and
zeros elsewhere, corresponding to a crossover of the j'" meiosis. In this sense,
{w + e;}7, are neighbours of w.** Hence p depends on the score function,
pedigree structure and pedigree size.

For a pedigree set consisting of N pedigrees one may combine the pedigree-
specific crossover rates (24) into an overall crossover rate,

N
pP=">>_irk,
k=1

where 7;, and pj are the k'™ pedigree weight in (17) and crossover rate re-
spectively.

Example 10. Consider an ASP pedigree. If using the standardized version
(15) of a symmetric score function,”” S(w) attains the value —v/2, 0, v/2
when the ASP shares 0, 1 or 2 alleles IBD.

In this case the number of meioses m = 4, the number of possible inher-
itance vectors |V| = 16. The IBD-status of the ASP along a chromosome
changes at points of crossovers according to a Markov chain with transition

matric,
0 1 0
P:{pij}?,jzoz /2 0 1/21,
0 1 0

26 A neighbour w’ to w is an inheritance vector that differs from w at only one vector
position, i.e. the corresponding Hamming distance H(w',w) = 1.

2"Let s; be the unstandardized score corresponding to the ASP sharing i alleles IBD.
The score function is symmetric if sy — 51 equals s; — s9. This is true both for Spairs and
Sall-
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where p;; refers to the probability of changing from i to j alleles shared IBD.
Hence in all cases, w € V and k € {1,2,...,m}, |S(w) — S(w +e;)| = V2.
Using (24), we obtain p = p(ASP) = 2.

2.6 Significance Calculations through Monte Carlo Sim-
ulation

Using a simulation algorithm is often the easiest way to capture hard-to-get
information, by being well-suited to mimic complicated models. The main
drawback usually is the computational complexity.

For complete marker data, the pedigree-specific NPL score (16) simplifies
to,

Z(x) = S ()], (25)

where v(z) = [v1(x),v2(x),...,v,(x)] is the inheritance vector at locus z.
When map distance is measured in Morgans and no chiasma interference is
assumed, the components v;(-) can be simulated under H, as independent
stationary Markov processes with intensity matrix

( _1 _i ) (26)

along each chromosome of 2. From (25) we then get the pedigree-specific
NPL score along 2. Repeating this for all N pedigrees, using (17) and max-
imizing over (), we obtain a maximum NPL score Z,,,, simulated under H.
Further, repeating this for J simulations, with Z,,, ; denoting the maximum
NPL score for the j* simulation, the crude Monte Carlo estimate of the
significance level is,

J
Z [(Zmax,j Z T)a T e Ta (27)

where I(A) is the indicator function of the event A and T is a predefined set
of score thresholds.

Example 11. Consider a single ASP. Figure 13 illustrates a simulated re-
alization of the inheritance process along a chromosome of length 2 Morgans
and Figure 14 shows the corresponding pedigree-specific NPL score process.



2 NONPARAMETRIC LINKAGE ANALYSIS 29
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Figure 13: An example illustrating the simulation of the inheritance vector
process v(-) of a single ASP along a chromosome of length 2 Morgans.

To use simulation to facilitate calculation of statistical power with respect
to the appropriate test statistic, pointwise or genomewide, under a genetic
model A\ of the alternative hypothesis H; and the phenotype vector Y, the
Hy-simulation may be modified as follows for the inheritance process of each
pedigree: If [ is the disease locus, simulate v(l) from P(v|\,Y). Then gen-
erate the components v;(-) of v(-) independently to the right and left of [,
starting at v;(l), according to the same Markov process (26) as in the Ho-
simulation.

Some references to simulation procedures for incomplete marker data are
Boehnke (1986), Ploughman and Boehnke (1989), Ott (1989) and Terwilliger
et al. (1993).

2.7 Two-Locus NPL Analysis

One may generalize the NPL procedure above in order to simultaneously, or
sequentially, search for two distinct disease loci on 2. We will now briefly
outline, and make some comments on, such procedures.

To be able to perform a so called unconditional two-locus NPL analysis,
we generalize the pedigree-specific NPL score in (16) to,

Z(x1, 32) = Zp(wi,wj)S(wi, w;), (28)

where p(w;, w;) = P(v(z1) = w;,v(zs) = w;|MD) is the joint inheritance
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Simulated NPL process
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Figure 14: The pedigree-specific NPL score process Z(z) corresponding to
the simulated inheritance process of Figure 13.

distribution at loci z; and x9, see Strauch et al. (2000). We assume that
r1; and 7o are unlinked?® in (28) but otherwise varied independently. This
implies allele-sharing independence at the two loci,

p(w;, wy) = P(v(w1) = wi|MD) P(v(ws) = w;|MD),

and one-locus multipoint algorithms can be used for calculating (28). The
(total) NPL score is then calculated as,

N
Z(x1,19) = Z%Zk(ffl,@)a (29)
=1

where Z(x1,x2) is the pedigree-specific NPL score (28) and +; the weight
assigned to the k'® pedigree.

Equation (28) involves a standardized two-locus score function S(vy,vs),
depending on the pair of inheritance vectors (vy,v2) € V x V. Two sim-
ple examples of such score functions are: (i) The additive two-locus score
function,

S(vy) + S(v2)

S(U17U2) = \/5 )

B Formally, c(r1) # c(z2).
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which essentially is the sum of the corresponding standardized one-locus score
functions. (ii) The multiplicative two-locus score function,

S(v1,v2) = S(v1)S(v2),

which is the product of the corresponding standardized one-locus score func-
tions.

Restricting the two-locus analysis by letting the locus x5 in (28) be fixed
and conditioning on information at this locus yields a conditional two-locus
NPL analysis. The conditioning locus x5 may be a verified disease locus,
To = lg, a suggested or estimated disease locus, xo = l} or a locus consid-
ered to be interesting for some other reason. The pedigree-specific type of
information to condition on may be one-locus inheritance vectors or NPL
scores.

The most well-known example of this kind is the conditional multiplicative
two-locus pedigree-specific NPL score introduced by Cox et al. (1999). It
may be described through the one-locus pedigree-specific NPL scores in (16)
as,

Z(w1,w2) = Z(11) [ [Z(22)], (30)

where f(-) is a given function of the pedigree-specific NPL score at the con-
ditioning locus z3. When computing the total two-locus NPL score (29)
based on pedigree-scores (30), one must replace the unconditional two-locus
constraint S5 4?2 = 1 on the pedigree weights with,

N

Z’Y}g f [Zk(xQ)]2 =1

k=1

Using (30) is basically a way to utilize gene-gene interaction to increase
power. Different choices of the weighting function f is suitable for different
types of correlation. We refer to positive and negative interaction (correla-
tion) as epistasis and heterogeneity respectively, see Cox et al. (1999) and
Holmans (2002).

When performing a conditional two-locus NPL analysis one may use a
combination of: (i) Several conditioning loci. (ii) Several types of weighting
functions. (iii) Several distinct score functions. The use of (i)-(iii) above

29Hence, a conditional two-locus analysis (29)-(30) may be described within the frame-
work of one-locus analysis by interpreting the product vy f [Zx(x2)] as the k™ pedigree
weight, assigned to Zj(z1).
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implies the need for multiple testing correction. Since the individual tests
generally are dependent, the standard Bonferroni correction may yield a very
conservative upper bound on the familywise error rate (FWE)*® under Hy,
i.e. the probability that at least one individual test is declared significant.3!

Many refinements of the Bonferroni upper bound of the FWE have been
proposed, including the sequential procedures of Hochberg (1988) and Ben-
jamini and Hochberg (1995). The latter one controls the false discovery rate

(FDR), see Ge et al. (2003) for a recent review.

3 Other Statistical Genetics Procedures

In this section we will briefly comment on some related and complementary
analysis procedures in the context of gene mapping.

Prior to linkage analysis, or in its own right, one may perform a segregation
analysis. This is done in order to determine or estimate genetic model param-
eters, as well as environmental factors, using phenotype data from pedigrees
with many affecteds. For further details see e.g. Khoury et al. (1993) and
Haines and Pericak-Vance (2006).

Association analysis may be used for fine-mapping regions pinpointed by
an initial linkage analysis or directly for genomewide mapping (Risch and
Merikangas, 1996). It aims at finding allelic variants associated with disease.
Further, one may split association analysis into population-based (Clayton,
2001; Balding, 2006)3? and family-based (Terwilliger and Ott, 1992; Spielman
et al., 1993; Zhao, 2000) procedures. See also, for instance, Cordell and
Clayton (2002, 2005).

Alleles in close physical proximity of the disease locus show association
with the disease-causing locus because of linkage disequilibrium. However,
association between more distant (and even unlinked) loci may also exist
because of mizture of populations. The latter source of association is a con-

30T his is also referred to as the global multiple testing significance level (Hougaard, 2006).

31 Assume a combined testing-procedure based on n tests with corresponding test statis-
tics T1,T5,...,T, and critical regions C1,C5,...,C,. Simple manipulations now give
P(Hi : T € Ci) < Z?Zl P(T; € C;). Taking advantage of this inequality, when testing
on a global significance level a, the Bonferroni-procedure now perform each individual test
on significance level a/n. If the number of tests is large, especially if many test statistics
are positively dependent, this is a severe testing problem with respect to power.

32Including the biostatistical approach of case-control studies which often is considered
within the field of epidemiology (Clayton and Hills, 1993).
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founder in gene mapping of disease loci.

In the population-based procedure, one searches for association between
phenotypes and allelic variants of single individuals. The method is powerful
but sensitive to population admixture. In the family-based procedure, associ-
ation between phenotypes and transmission of allelic variants from heterozy-
gous parents is of interest. The method is less powerful but robust towards
association due to population admixture. These two procedures can also be
combined, see e.g. Clayton (1999) and Shih and Whittemore (2002).

Whereas linkage analysis is based on inheritance of alleles within pedigrees,
it does not utilize association between allelic variants and phenotypes on the
population level. However, the two approaches can be brought together into
joint tests for linkage and association, see for example Fulker et al. (1999),
Xiong and Jin (2000), Goring and Terwilliger (2000), Sham et al. (2000) and
Hossjer (2005a).33

Using a quantitative phenotype one may perform a quantitative trait loci
(QTL) analysis, see Lynch and Walsh (1998). Several different subfields
of this approach exist. The traditional Haseman-FElston approach (Hase-
man and Elston, 1972) is based on a regression of the squared phenotype-
difference between sibs with respect to their corresponding allele-sharing and
the second, wvariance component, approach is based on splitting up the to-
tal phenotype-variation into genetic and environmental factors (Almasy and
Blangero, 1998; Cherny et al., 2004). A third approach is based on IBD-
sharing conditional on observed phenotypes, either by means of a regression
model (Sham et al., 2002) or a likelihood score statistic (Tang and Siegmund,
2001; Hossjer, 2005b). For a recent unification of all three types of methods,
by means of generalized estimating equations, see Chen et al. (2004).

Some general references to linkage analysis, and in a wider sense gene
mapping, monographs are Sham (1998), Ott (1999), Almgren et al. (2003),
Thomas (2004), Ziegler and Koenig (2006), and Haines and Pericak-Vance
(2006). Inference on genetic data is outlined in Thompson (2000).

330ne may note the following: Assume a disease phenotype caused by a recent genetic
mutation at locus [ and, further, a marker locus m in close vicinity of, but not equivalent to,
. Now, with respect to future generations, m will always be linked to [, but eventually the
originally corresponding allelic association will fade away according to the recombination
process.



4 OUTLINE OF PAPERS IN THESIS 34

4 Outline of Papers in Thesis

In this section we briefly outline, through comments and examples, some of
the methods and extensions constituting the contents of the four included
papers of the thesis.

4.1 Paper A

The approximation of the significance level (22)-(23) is extended to correct for
marginal nonnormality, under an assumption of fully informative inheritance
at all markers, of the NPL score (17). Moreover, the discreteness correction,
assuming a set of equidistant markers, is incorporated as well.

The nonnormality correction is based on introducing a link function, gink,
which transforms the NPL process to marginal approximate-normality. For-
mally,

Y (@) = g [Z(2)]; @ € Q, (31)

where gin=(F 1o ®), F(z) = P(Z(x) < z|Hy) is the marginal distribution
function of the NPL score process Z(-) under Hy and ®(z) = [°__ ¢(z)dz
is the standard normal distribution function. The transformed process Y in
(31) is a stationary process with approximately standard normal marginals,
the approximation being due to discreteness of F'.

To turn Y into a continuous-valued process we use a linear binning smooth-
ing procedure to approximate F' by a continuous version F when defining
Giink->* Noting that,

A(T) = P(Zmax = T|Ho) = P(Yax > gaic(T)| Ho),

leads to an improved significance approximation of «(7T'). It is based on (22),
but with a refined upcrossing intensity (23) expressed as,

1(T) = [C + 2py 9950 (T) ] i [g1a(T)]

where py is the updated crossover rate with respect to the transformed pro-
cess Y and g is the genome length. The calculation of py is based on the
theory of subordinated Gaussian processes (Clark, 1973) and a Hermite poly-
nomial expansion of gim. (Taqqu, 1975). An example of the link function
Jiink 18 given in Figure 15.

34This transforms gjj;,x from being a nondecreasing step-function to a strictly increasing
function.
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Quantiles

CDF1: N(0,1) b
CDF2: Standardized Gamma(1.5,1)
— — — CDF1=CDF2=0.75

inverse[g"nk(z)]

1 15 2 25 3 35 4
T (NPL threshold)

Figure 15: Implicit construction of the link z < g, (2) in (31) through
comparison between the NPL score distribution function F' and the stan-
dard normal distribution function ®. Here the unstandardized NPL score is
assumed to be distributed as I'(1.5,1).

Further, extensive simulations and calculations with respect to several
pedigree sets are processed and performance comparisons with existing ap-
proximation formulas is laid out. In addition, comparison of the original
and improved significance level approximation in terms of conservativeness
is facilitated using Edgeworth expansion approximations of F'.

4.2 Paper B

For large thresholds T" where a(7') = P(Zmax > T'|Hp) is very small, we will
generally need a very large number of simulations to be able to estimate a(7")
using (27) with reasonably small variance. Given a constant time limit the
actual number of performed simulations also depends on the computer-time
per simulation or, equivalently, the computational cost, which is primarily
affected by the pedigree sizes. One possible solution to this problem is to use
importance sampling, or weighted simulation, which is a variance reduction
technique making it possible to sample from interesting regions of the under-
lying sample space with higher probability. An early reference is Hammersley
and Handscomb (1964) and a modern introduction is given by Ross (2006).
See also Hesterberg (1995).
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A very brief outline of the general method is as follows. Assume we want
to estimate,

a=E[f(2) = / f(2)dP(2),

where E denotes expectation when Z has distribution P. The following
reformulation, using the change of probability measure from P to P,

- dP(Z) - -
0= [ 125 AP = B2, (32)

is valid if,
f(Z2)dP(Z) > 0= dP(Z) > 0.

In (32), E denotes expectation when Z has distribution P and the weight-
ing function L(Z) = dP(Z)/dP(Z) is the likelihood ratio with respect to the
two measures. Sampling from P, the integral in (32) may be estimated using,

a =

~l =

Zf(Zj)L(Zj),

where {Zj}jzl are independent and identically distributed copies of Z under P.

In our case o« = «(T), Z = {Z(x); v € Q}, f(Z) =I(Zmax > T) and P
is the Hy-distribution of Z. We introduce an exponentially tilted probability
measure P, which for complete marker data along one chromosome ¢ = 0, ]
has the form,

dP(Z) = (fo GXIZ Bé()x)] dx) dP(2), (33)

where M(0) = E(exp[6Z(X)]|Hp) is the moment generating function of
Z(x) under Hy and ¢ is a design or tilting parameter reflecting the amount
of change of measure.

When § = 0, P = P coincides with the Hy-distribution. The larger § > 0
is, the more likely it is for Zn.y to attain large values when Z ~ P. To actu-
ally simulate such a Z, we proceed similarily as when generating NPL scores
under H; to estimate power in Section 2.6. First select an artificial disease
locus xo according to a uniform distribution on [0, ], then generate Z(xq) by
simulating inheritance vectors at x of all pedigrees under a pointwise ver-
sion of the exponentially tilted distribution and, finally, generate inheritance
vectors to the left and right of z( for all pedigrees to compute Z(-) along the
whole chromosome.
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For incomplete marker data, the formula for P is more complicated than
(32), but the procedure is analogous.

Example 12. To illustrate the distribution of Z(xy) under P, consider the
NPL score (25) of a single pedigree with m meioses. By conditioning on x,
it follows from (33) that,

Po(an) =) = “p 2 6
where M(0) =27 %" .y exp [0S (w)].

In particular, for an ASP with score function as in Erample 10, the
2™ =16 inheritance vectors may be divided into three groups of sizes 4,
8 and 4, with S(w) = —v/2, 0 and /2 respectively. The three groups
correspond to sharing 0, 1 and 2 alleles IBD with allele-sharing probabili-
ties z; = P(IBD = i1|Hy) under Hy, where all inheritance vectors v € V are
equally likely,

z = (20,21, 22) = (0.25,0.50,0.25),

as discussed in Example 6. On the other hand, using (34) the allele sharing
probabilities Z; = P(IBD = i) under P are,

2= (G 21 2) = 65 | exp(—0v/2), 2,exp(0v2)

where ¢; = [exp(0v/2) + 2 + exp(—0v/2)] is a normalizing constant.
In Figure 16 we display the tilted IBD-sharing distribution z, through the
(21, Z2)-pair, as function of the tilting parameter 6.

As seen from (34), we use 6 > 0 at the artificial disease locus x( in or-
der to increase the probability P [v(x)] o< exp (65 [v(x)] ) of inheritance
vectors v(zg) corresponding to large positive NPL scores. Since the NPL
score at xg has an expected value depending on 4, the optimal choice of §
clearly depends on the threshold T of interest, see e.g. Naiman and Priebe
(2001).*> The procedure above is also extended to optimally form linear
combinations of estimates as(7T') using several distinct values of 6. This fa-
cilitates simultaneous estimation of «(T") for several thresholds 7" based on
threshold-dependent linear combinations of as(7")-quantities.

The implementation of the corresponding algorithms and the choice of
design parameters are discussed in some detail in the paper. Moreover, the

35Basically one adjusts P in (32) in order to make V [f(Z)L(Z)] small.
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Tilted Distributions for ASP pedigree
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Figure 16: Displaying the IBD-sharing probabilities (21, Z5) for an ASP, under
P, with respect to the tilting parameter § = (0,0.1,...,1).

suggested approach is evaluated using the concept of cost-adjusted relative
efficiency with respect to standard Monte Carlo simulation and, in addition,
comparison with the importance sampling procedure of Malley et al. (2002)
is included.

4.3 Paper C

Here unconditional two-locus NPL analysis with respect to ASP pedigree
sets, using (28), is discussed with special emphasis on gene-gene interaction
(also worded as IBD- or allele-sharing correlation):

Definition 13. Assume two disease loci, Iy and ly, with marginal one-locus
IBD-sharing vectors (6), given by z' = (2}, 21,23) and z* = (22, 2}, 23) re-
spectively, and a joint IBD-sharing matriz (7). Now if,

Ji,j: oz # zilzjz-; i,7 € {0,1,2},
we say there is gene-gene interaction present.

Since z = {z;} is a function of disease allele frequencies and penetrance
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values, we may reformulate the genetic model X in (4) as A = (z,[), where
[ = (l1,1s).
Further, we investigate the differences between using simple or composite

two-locus null hypotheses.3®

Example 14. An example of a composite null hypothesis when considering
IBD-sharing with respect to a homogeneous set of ASPs is,

Hoi ZEZO,

where Zo = {z; z' = (0.25,0.50,0.25) or 22 = (0.25,0.50,0.25) } corresponds
to At most one disease locus’. In this case the corresponding alternative
hypothesis Hy is "Two disease loci’.

Multiple suggestions on how to incorporate a composite null hypothesis
into the analysis are made. Significance calculations may, for instance, be
based on: (i) The least-favourable IBD distribution to derive theoretical sig-
nificance level approximations (22). This results in a conservative upper
bound,

o(T) = maxa(T|X),

of the significance level. (ii) Estimating a one-locus genetic component, for
instance with estimates I; and ' = 21({;), and constraining the null hypoth-
esis with respect to this component. Then perform Monte Carlo simulations
to estimate p-values.

We also define, discuss and evaluate several classes of score functions. Ex-
tensive power calculations are performed based on both simple and composite
null hypotheses using a wide range of genetic two-locus models A, correspond-
ing to varying degree of gene-gene interaction.

4.4 Paper D

This paper deals with two-locus NPL analysis based on (28) in general and
conditional two-locus NPL analysis in particular. We adopt a quite general
conditional approach which, compared to (30), facilitates conditioning on

36Generally, defining a simple hypothesis consists of stating an instance 6 = 6y of the
unknown parameters § € ©, whereas a composite hypothesis consists of the union of
single-instance, or intervals of, parameter values in ©. In our case a composite hypothesis
refers to allowing for one disease locus in the stating of a null hypothesis.
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pedigree-specific inheritance vectors rather than NPL scores. We also sep-
arate between using previously known or unknown conditioning loci. The
former are defined prior to data analysis, whereas the latter are estimated
from an initial one-locus linkage scan. The procedure for unknown loci may
be described as follows:

Algorithm 15. (Unknown conditioning loci)
1. Perform chromosome-wise one-locus analysis along 2.

2. Select the (possibly empty) set of conditioning loci Xy using some prede-
fined selection-criterion.

3. Perform conditional two-locus analysis over € and Xy. For x4 € Xy, we
condition on inheritance information at xo and calculate scores when
x1 varies along the remaining chromosomes, i.e. x1 € 0\ ¢(x3).

We need to account for the possibly large set of conditioning loci lead-
ing to a multiple testing situation. Strategies: (i) We note on a somewhat
conservative theoretical approximation. (ii) Our main interest is directed to-
wards Monte Carlo simulation procedures. In this case, when performing n
different tests and where n may be stochastic, we base the global significance
test on the p-value,

Qlplobal = min oy (7
globa 1<i<n z( z),

where «;(T;) is the test-specific p-value corresponding to the i*! test, based
on test statistic 7.

Another topic is to derive optimal score functions with respect to given dis-
ease models, where optimality corresponds to the maximization of noncentrality-
parameters (NCPs) for one-, two- and conditional two-locus cases. In the
one-locus case the NCP at disease locus [ is defined as,

NCP = NCP(S, ) = E[Z(1)|A], (35)

where S is the underlying score function and A € H; the one-locus genetic
disease model. It turns out that the score function which maximizes (35) is,

S(w) x P(v(l) =w|Y,\)—2"™; Yw €V,

where Y is the phenotype vector, V the set of possible inheritance vectors
and m the number of meioses in the pedigree. See also Sham et al. (1997),
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Nilsson (1999) and Hdssjer (2003a). Similar results are obtained in the two-
locus and conditional two-locus cases.

The paper also includes a number of explicit NCP and power calculations
for several distinct classes of disease models.
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A Some Notation Used in the Thesis Introduc-

tion

Item

Introduced

Comments and Examples

{a,b,c}

p. 9

p. 23

A set, i.e. a collection of elements.
In this case the elements are

a, b and c. In the same sense
{f(z);x € [a,b]} may denote

a continuous process, i.e. an
uncountable set, indexed over
interval [a, b].

f(A|B)

Conditioning. The function f
applied to A conditioned on,

i.e. given, B. [Mainly used with
respect to probability functions, i.e.
f = P(-) for probability measure P.|

AT

Transposing. Interchanging rows
and columns in matrix A.

[Note that A” is a transposed
vector if A is a (n X m)-matrix
with n=1or m = 1]

al

p. 28

The factorial function, i.e.
al=ala—1)---1,
where a is a positive integer.

Our adopted sequential delimiter
system. Applied both to composite
functions and separators.

Proportionality symbol. Here
f(z) is proportional to the
function z%, i.e. f(z) = Ca®
where C'is a constant.
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Item

Introduced

Comments and Examples [cont.|

a:b:c

p- 49

A vector (vy,vs,...,v,) where:

(i) The first value is v; = a.

(ii) For all k: 2 < k < n, the

k' element is vy = vp_1 + b.

(iii) Moreover, ¢ — b < v, < ¢,

i.e. the final value v, is at most c,
but larger than ¢ — b.

A\B

Complementary set to B with respect
to A, i.e. x € A\B if and only if

r € ANz ¢ B. |Also called the relative
complement of B with respect to A
(Khuri, 2003).]
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