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Abstra
tIn this arti
le we outline and dis
uss evidential aspe
ts and interpretationsof two-lo
us, 
onditional and un
onditional, nonparametri
 linkage (NPL)analysis. Initially we present a quite general multilo
us NPL 
ontext andthen restri
t ourselves to two-lo
us 
ases leading to and fo
using on methodsand 
orresponding signi�
an
e 
al
ulations as given in Ängquist and Hössjer(2006). In the last part of the paper we dis
uss related evidential propertiesof positive �ndings for the dis
ussed kinds of two-lo
us NPL analysis.Key words: Nonparametri
 linkage analysis, 
onditional andun
onditional two-lo
us linkage analysis, 
onditioning lo
i, multilo
usgeneralization, signi�
an
e 
al
ulations, evidential interpretation.
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1 INTRODUCTION 31 Introdu
tionIn this arti
le we dis
uss the sometimes forgotten area of evidential inter-pretation of signi�
ant, or positive, �ndings originating from the traditionalstatisti
al testing paradigm. In some 
ases these views will 
ontrast ea
hother and we will dis
uss su
h issues in the 
ontext of genome-wide two-lo
us,both un
onditional and 
onditional, nonparametri
 linkage (NPL) analysis.Here genome-wide test statisti
s are used as a way of dealing with inherentmultiple testing.In Se
tion 2 we present some basi
 theory and introdu
e basi
 notationwith respe
t to NPL analysis in the multilo
us as well as in the two-lo
us
ases. Later, in Se
tion 3 signi�
an
e 
al
ulations are outlined for bothgeneral statisti
al and NPL analyses. Finally, in Se
tion 4 we dis
uss theevidential aspe
ts of positive �ndings in di�erent kinds of two-lo
us NPLanalysis.2 Nonparametri
 Linkage AnalysisFor a single pedigree, the geneti
 inheritan
e pattern at a lo
us x is deter-mined by means of the inheritan
e ve
tor (Donnelly, 1983),
v(x) =

[

p1(x), m1(x), p2(x), m2(x), . . . , p(n−f)(x), m(n−f)(x)
]

, (1)where n is the number of individuals, f the number of founders and n − fthe number of nonfounders in the pedigree. The length of v in (1) equals thenumber of meioses m = 2(n − f) and, moreover, pi(x) and mi(x) equal 0/1if the ith nonfounder's paternal and maternal allele respe
tively, at lo
us x,originate from a grandfather/grandmother.So 
alled s
ore fun
tions are de�ned with respe
t to inheritan
e ve
tors.They are introdu
ed in order to quantify allele-sharing strati�ed to be ob-served within phenotype-groups (a�e
teds and una�e
teds).1 For spe
i�
 dis-
ussions related to s
ore fun
tions see, for instan
e, Whittemore and Halpern(1994), M
Peek (1999), Hössjer (2003), Lange and Lange (2004), Hössjer(2005a, 2005b), Ängquist (2006b) and Ängquist and Hössjer (2006).1We will assume, as mostly is the 
ase, that allele-sharing 
orresponds to the 
on
eptof alleles being identi
al-by-des
ent (IBD).



2 NONPARAMETRIC LINKAGE ANALYSIS 42.1 General Multilo
us CaseIn the general multilo
us 
ase the un
onditional s
ore fun
tion is de�ned as,
S(w1, w2, . . . , w|l|); ∀wi ∈ V, (2)where |l| is the number of underlying lo
i and V is the set in
luding all pos-sible inheritan
e ve
tors.2 Usually S in (2) is assumed to be in standardizedform, i.e. that E(S) = 0 and V (S) = 1 under the null hypothesis of nolinkage and a

eptan
e of the Mendelian prin
iple of random mating.To relate the s
ore fun
tion S to marker data MD and to make the un-derlying lo
i expli
it one may de�ne the pedigree-spe
i�
 NPL s
ore at lo
us

x as,
Z(x1, x2, . . . , x|l|) = E

[

S
(

v(x1, x2, . . . , x|l|)
)]

=
∑

w1,w2,...,w|l|

Pv(x1,x2,...,x|l|)(w1, w2, . . . , w|l|)S(w1, w2, . . . , w|l|),(3)where
Pv(x1,x2,...,x|l|)(w1, w2, . . . , w|l|)

= P
[

v(x1) = w1, v(x2) = w2, . . . , v(x|l|) = w|l| | MD] (4)is the 
onditional probability of joint inheritan
e ve
tors given marker data.Letting c(x) equal the 
hromosome where x is lo
ated, usually one assumesthat
∀i, j : i 6= j ⇒ c(xi) 6= c(xj).Sin
e inheritan
e at unlinked lo
i are independent, where it is assumed thatlo
i lo
ated on distin
t 
hromosomes (nonsynteni
 lo
i) are unlinked, it fol-lows that hen
e (4) simpli�es to,

Pv(x1,x2,...,x|l|)(w1, w2, . . . , w|l|) = Pv(x1)(w1)Pv(x2)(w2) · · ·Pv(x|l|)(w|l|). (5)For a pedigree set 
onsisting ofN pedigrees the (total)NPL s
ore (Kruglyaket al., 1996) is then de�ned as a weighted linear 
ombination of the pedigree-spe
i�
 s
ores,
Z(x1, x2, . . . , x|l|) =

N
∑

k=1

γkZk(x1, x2, . . . , x|l|), (6)2We might 
all this the |l|-multilo
us analysis approa
h.



2 NONPARAMETRIC LINKAGE ANALYSIS 5where Zk and γk denotes the kth pedigree-spe
i�
 s
ore and its weight re-spe
tively. The latter is assumed to obey the 
onstraint,
N

∑

k=1

γ2
k = 1, (7)in order to preserve the standardized properties of the s
ore.In a genome-wide 
ontext one may de�ne the maximum of the NPL s
orepro
ess along genome Ω,

Zmax = sup
x1,x2,...,x|l|∈Ω

Z(x1, x2, . . . , x|l|), (8)to fun
tion as a test statisti
.Fixing information at 
onditioning lo
i xi1 , xi2 , . . . , xil′
where,

1 ≤ i1 < i2 < · · · < il′ ≤ |l|,on 
orresponding 
hromosomes c(xi1), c(xi2), . . . , c(xil′
) and using (3) and (6)s
anning through, i.e. 
al
ulating NPL s
ores on, the 
omplementary part ofthe genome,

Ωc(xi1
),c(xi2

),...,c(xi
l′

) = Ω\
[

c(xi1) ∪ c(xi2) ∪ . . . ∪ c(xil′
)
]

,one performs a 
onditional multilo
us NPL analysis.3Let x and y denote the ve
tors of free and 
onditional lo
i of lengths |l|−l′and l′ respe
tively. In analogy with (8) the maximum 
onditional multilo
usNPL s
ore is given by,
Zmax,y = sup

x∈Ωc(xi1
),c(xi2

),...,c(xi
l′

)

Z(x,y), (9)One may note that the most general form of 
onditional analysis 
on-sists of 
onditioning with respe
t to a
tual inheritan
e ve
tors and that thestandardization pro
edure is less straightforward, and more involved, in the
onditional 
ase (Ängquist and Hössjer, 2006).Remark 1 The multilo
us version of the well-known 
onditional Cox-pro
edure(Cox et al., 1999; Ängquist, 2001; Ängquist and Hössjer, 2006) may be for-mulated as,
Z(x,y) =

N
∑

k=1

γkZk(x)f [Zk(y)] , (10)3We might 
all this the (|l|, l′)-multilo
us 
onditional analysis approa
h.



2 NONPARAMETRIC LINKAGE ANALYSIS 6where f(·) is a fun
tion of the multilo
us NPL s
ore de�ned with respe
t tothe, known or estimated, 
onditioning lo
i. Note that this may be seen as a
[|l| − l′]-multilo
us analysis with weights, whi
h are 
ombinations of pedigree-spe
i�
 weights γk and f -s
ores, obeying the 
onstraint

N
∑

k=1

γ2
kf [Zk(y)]2 = 1.Note that the 
onditioning in this 
ase is made with respe
t to pedigree-spe
i�
NPL s
ores.2.2 Two-Lo
us NPL AnalysisIn the two-lo
us 
ase |l| = 2 and the general multilo
us s
ore fun
tion in (2)is simpli�ed to,

S(w1, w2); (w1, w2) ∈ V × V.2.2.1 Un
onditional CaseIn the un
onditional 
ase
Z(x1, x2) =

N
∑

k=1

γkZk(x1, x2); c(x1) 6= c(x2), (11)where γk still are, of 
ourse, pedigree weights satisfying (7). Moreover, thetwo-lo
us NPL maximum,
Zmax = sup

x1,x2∈Ω
Z(x1, x2), (12)follows immediately from (8). For a more thorough dis
ussion on this 
asefor a�e
ted sib-pairs see Ängquist et al. (2005).2.2.2 Conditional CaseA two-lo
us 
onditional analysis 
orrespond to a single 
onditioning lo
i y,i.e. l′ = 1, and a genome s
an through the free 
hromosomes Ωc(y) = Ω\c(y).Further, the maximum 
onditional two-lo
us NPL s
ore is given by,

Zmax,y = sup
x∈Ωc(y)

Z(x, y). (13)



2 NONPARAMETRIC LINKAGE ANALYSIS 7Remark 2 The Cox-pro
edure in (10) may be formulated as,
Z(x, y) =

N
∑

k=1

γkZk(x)f
[

Zk(y)
]

,in the two-lo
us 
ase. This is a multipli
ative two-lo
us s
ore whi
h is anal-ogous to a one-lo
us NPL s
ore pro
ess along Ωc(y), where the 
ombinedpedigree-weights depends, for instan
e, on a fun
tion of one-lo
us NPL s
oresat lo
us y.If prior eviden
e for disease lo
i to use as 
onditioning lo
i is poor, or atleast vague, one might 
onsider to use a random number of 
onditioning lo
ito use in the sense of (13) and to 
orre
t the results for multiple testing.One su
h pro
edure is outlined in Ängquist and Hössjer (2006) and will beshortly reviewed below.Sele
t 
onditioning 
hromosomes with respe
t to one-lo
us NPL s
ores as,
C = {c ; Zmax(c) ≥ zc}, (14)where Zmax(c) is the NPL maximum over Chromosome c and zc is a given
hromosome-dependent s
ore-threshold. Now, if one 
onsiders the lo
ations
orresponding to these 
hromosome-wise NPL s
ore maximums,

yc = arg max
x∈c

Z(x) = arg Zmax(c),one might sele
t 
onditioning lo
i through,
Y = {yc ; c ∈ C}. (15)Note that this guarantees that all (possibly zero) sele
ted lo
i are lo
ated ondistin
t 
hromosomes.2.2.3 Bibliographi
 NotesIn Strau
h et al. (2000) the well-known s
ore fun
tions Spairs and Sall (Whit-temore and Halpern, 1994) was extended to the two-lo
us 
ase, through sum-mation of one-lo
us s
ores, and implemented into the programGENEHUNTER-TWOLOCUS. Li and Rei
h (2000) presented a 
omplete list of distin
t two-lo
us disease models for the binary phenotype-fully penetrant-bialleli
 disease



3 SIGNIFICANCE CALCULATIONS 8lo
i setting. Dis
ussions on two-lo
us disease models and gene-gene intera
-tion may be found in e.g. Bengtsson (2001), Holmans (2002) and Ängquistet al. (2005).The Cox-pro
edure is applied in, for example, S
hulze et al. (2004). A
onditional approa
h based on generalized estimating equations is developedin Liang et al. (2001) and Chiu and Liang (2004). See also Dupuis et al.(1995).For two-lo
us or multilo
us analysis based on the maximum lod s
ore(MLS) approa
h see Farrall (1997) and Cordell et al. (2000), and referen
estherein. See also the reviews in Strau
h et al. (2003) and Hoh and Ott(2003).Other similar, but slightly di�erent approa
hes to NPL analysis are givenin e.g. Kong and Cox (1997), Zinn-Justin and Abel (1998) and Zinn-Justinet al. (2001).3 Signi�
an
e Cal
ulationsThe traditional statisti
al ma
hinery of interpreting results and drawing 
on-
lusions is performed within the �eld 
onstituted of the three 
losely relatedpaths of 
on�den
e interval 
onstru
tion, hypothesis testing and p-value 
al-
ulation. In some 
ases one might de�ne distin
t evidential-based approa
hes,more or less, 
ontrasting the traditional pro
edures.3.1 General CaseConsider a test statisti
 T (X) whi
h is a fun
tion of the underlying (possiblymultivariate) random variableX. Find a 
on�den
e interval4 Cα with respe
tto a given signi�
an
e level α su
h that,
PH0 [T (X) ∈ Cα] = 1 − α, (16)reje
ting H0 if your result T (x) = t ∈ C̄α for out
ome X = x. Here C̄α =

Ω\Cα is the 
omplementary set 
alled the 
riti
al region. This shows the one-to-one 
orresponden
e between hypothesis testing and 
on�den
e interval
onstru
tion. Under a spe
i�
 instan
e λ ∈ H1 of the alternative hypothesis4Note that this is a somewhat arbitrary 
on
ept, i.e. the 
on�den
e interval is notuniquely de�ned through α.



3 SIGNIFICANCE CALCULATIONS 9the power fun
tion 
orresponding to (16) is de�ned as,
β(T, Cα) = Pλ

[

T (X) ∈ C̄α

]

, (17)where β(T, Cα) ≥ α for reasonable, or unbiased, tests and instan
es of (17)
lose to 1 
orrespond to very strong, or powerful, statisti
al tests.Finally, the pro
edure of p-value 
al
ulation 
alls for de�ning a 
riti
alregion C̄(t), for �nding T (X) = t, as
p(t) = PH0

[

T (X) ∈ C̄(t)
]

. (18)In (18) p(t) is 
alled the p-value 
orresponding to result t and C̄(t) 
orrespondto, so to speak, de�ning a 
on�den
e interval C(t) where t is lo
ated on theboundary between the regions. Usually this may be rephrased as p(t) beingthe probability of �nding a value at least as extreme as t under the nullhypothesis H0.Con�den
e intervals under stri
t a

eptan
e of the likelihood prin
iple isoften 
alled support intervals.5 See e.g. Edwards (1992) and Clayton andHills (1993).3.2 Statisti
al Signi�
an
e in NPL Analysis3.2.1 Un
onditional CaseFor un
onditional two-lo
us genome-wide NPL analysis based on (12), aswith standard one-lo
us analysis, the natural test hypotheses are,
{

H0 : No disease lo
us on Ω,
H1 : At least one disease lo
us on Ω, (19)whi
h leads to the genome-wide signi�
an
e level-fun
tion,

α(z) = PH0(Zmax ≥ z), (20)and 
orresponding power-fun
tion,
β(z) = PH1(Zmax ≥ z). (21)In the 
ontext of (16)-(17) this 
onstitutes a test reje
ting H0 when Zmax ≥ z,i.e. for extreme positive s
ores.5This means that in
lusion of values into the 
on�den
e interval is based solely onwhi
h ones having the highest likelihoods. If the likelihood 
urve in
ludes several lo
almaximums this might lead to 
on�den
e intervals 
onsisting of several non
onne
ted parts.More frequently this leads to nonsymmetri
 intervals surrounding a maximum likelihood(ML)-estimate.



3 SIGNIFICANCE CALCULATIONS 103.2.2 Conditional CaseFor 
onditional two-lo
us analysis based on the test statisti
 (13) one mayrestri
t (19) by removing the 
onditioning 
hromosome c(y) from Ω,
{

H̄
c(y)
0 : No disease lo
us outside 
hromosome c(y).

H̄
c(y)
1 : At least one disease lo
us outside 
hromosome c(y), (22)whi
h leads to genome-wide 
onditional signi�
an
e,

αy(z) = P
H̄

c(y)
0

(Zmax,y ≥ z|MDc(y)), (23)and 
onditional power,
βy(z) = P

H̄
c(y)
1

(Zmax,y ≥ z|MDc(y)), (24)Note that (23)-(24) depends on the marker data MDc(y) from Chromosome
c(y).A 
onditional two-lo
us analysis based on a random number of 
ondi-tioning lo
i sele
ted using (14)-(15) leads to a re�ned approa
h based on
onditional two-lo
us p-values of form (23),

pc = αyc
(Zmax,yc

); yc ∈ Y. (25)The minimum p-value found using (25),
pmin =

{

minc∈C pc if C 6= ∅,

1 if C = ∅,
(26)is then used as a test statisti
, reje
ting H0 whenever pmin is smaller thanor equal a given threshold u. Note that here the null hypothesis equalsthe standard one in (19),6 hen
e ending up with a genome-wide (global)signi�
an
e level,

αY(u) = PH0(pmin ≤ u), (27)and power,
βY(u) = PH1(pmin ≤ u). (28)6This may be seen as taking the interse
tion, over all yc ∈ Y, of null hypotheses (22).



4 EVIDENTIAL ASPECTS OF POSITIVE FINDINGS 113.2.3 Some Notes on Signi�
an
e Cal
ulationsSigni�
an
e level and power as in (23) and (24) may be 
al
ulated using ei-ther: (i) Analyti
al approximations based on Gaussian extreme value theory(Lander and Botstein, 1989; Lander and Kruglyak, 1995; Tang and Sieg-mund, 2001; Ängquist and Hössjer, 2005). (ii) Monte Carlo Simulations(Ploughman and Boehnke, 1989; Terwilliger et al., 1993; Malley et al., 2002;Ängquist and Hössjer, 2004). The advantage of (i) is fast 
omputations andavailable expli
it expressions. On the other hand, (ii) is more adjustable to
ompli
ated situations and do not give biased results in the limit of largeMonte Carlo samples. Here the drawba
k is rather the 
omputational bur-den.An alternative or 
omplementary approa
h to linkage analysis signi�
an
e
al
ulations is the fuzzy signi�
an
e 
on
ept whi
h is des
ribed by, for exam-ple, Thompson and Geyer (2005), Thompson (2006) and Ängquist (2006a).For a more general fuzzy view, 
onsíder Geyer and Meeden (2005).4 Evidential Aspe
ts of Positive FindingsLet us assume |l| true disease lo
i 
onstituting a geneti
 disease model. Inpra
tise, these disease lo
i are fully, or partially, unknown or hidden. Hen
e,the test statisti
 T (x1, x2, . . . , x|l|), if 
orre
tly reje
ting H0, does not ne
-essarily suggest disease lo
i arg maxx1,x2,...,x|l|∈Ω T (x1, x2, . . . , x|l|) lo
ated ontrue disease regions or 
hromosomes.7The remainder of this se
tion will be dedi
ated to su
h evidential inter-pretations and problems of, 
onditional as well as un
onditional, two-lo
usNPL analysis.4.1 Un
onditional CaseIn this 
ase T (x1, x2) = Zmax in (12). The 
orresponding test hypothesesare de�ned in (19) and the natural interpretation is that a signi�
ant resultrepresent statisti
al eviden
e, at the prede�ned signi�
an
e level, for at leastone disease lo
us among the pair of lo
i (l̂1, l̂2) = arg Zmax.7In the multilo
us 
ase, T may 
orrespond to (8)-(9), and in the two-lo
us 
ase it maybe identi�ed with (12)-(13) and (26).



4 EVIDENTIAL ASPECTS OF POSITIVE FINDINGS 124.2 Conditional Case: A Single Known ConditioningLo
usHere one disease lo
us, l2, is assumed to be known. Based on the test statisti

T (x1, x2) = Zmax,y in (13), the test hypotheses (22) imply that a signi�
antresult lead to a �nding of an additional disease lo
us l̂1 = arg Zmax,y.4.3 Conditional Case: A Single Estimated ConditioningLo
usThis 
ase is similar to the pre
eding one, though the di�eren
e is that l2is not anymore assumed to be known but rather estimated from an initialone-lo
us analysis. Two alternatives are that: (i) Estimate the disease lo
usthrough l̂2 = arg maxΩ Z(x). (ii) Estimate the disease lo
us using l̂2 =

arg maxc(l2) Z(x). In the latter 
ase we simply assume that the a
tual disease
hromosome c(l2) is known.Remark 3 It may not be unusual that the estimated 
onditioning lo
us pro-
edure shows to be more powerful in �nding l1 than the known 
onditioninglo
us pro
edure. This might seem odd but may be explained as that in 
aseswhere l̂2 /∈ c(l1)∪ c(l2), on one hand, one in
reases power with respe
t to the
onditional analysis when s
anning through both of the true disease 
hromo-somes in the 
onditional sweep. On the other hand, if present one is not ableto use any allele-sharing 
orrelation with respe
t to l1 and l2. A

ording tothis behaviour the interpretation in these 
ases are somewhat di�erent.Remark 4 Vaguely speaking, one may redes
ribe this as follows. With in-
reasing un
ertainty regarding l2, the eviden
e 
orresponding to estimate l̂2de
reases but, at the same time, the eviden
e for estimate l̂1 in
reases. Inother words, with de
reasing information on l2 the interpretation tends tothat of a one-lo
us �nding.4.4 Conditional Case: A Random Number of EstimatedConditioning Lo
iIn this 
omplex 
ase T (x1, x2) = pmin in (26) and through (19) a signi�
antresult gives: (i) Some eviden
e for l̂2 as a disease lo
us. (ii) Some eviden
e
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