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Abstra
tIn this arti
le we develop and des
ribe what we 
all the maximum sele
tedpedigree subset-s
ore method (MSPSSM). This method is intended to im-prove nonparametri
 linkage (NPL) analysis in the presen
e of disease het-erogeneity, i.e. when only a subset of the pedigrees in the population a
tuallyis sus
eptible to the disease under study. Basi
ally, one aims at redu
ing thenoise to the linkage signal through forming test statisti
s using only a subsetof the pedigrees in the pedigree set.We perform simulations with respe
t to the MSPSS method, under variousgeneti
 parameter-settings and pedigree sets, and make appropriate 
ompar-isons to the standard NPL-s
ore method. Moreover, we note on some similaralternative methods.Key words: Nonparametri
 linkage analysis, maximum sele
ted pedigreesubset-s
ore method, disease heterogeneity, signi�
an
e levels and power,ROC-
urves, sele
tion 
riterias.
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1 INTRODUCTION 31 Introdu
tionThe basis for linkage analysis is to observe marker data (MD), in the form ofgenotypes, with respe
t to a set of pedigrees, i.e. the so 
alled pedigree set.1Pro
edures belonging to the �eld of nonparametri
 linkage (NPL) analysis,analyzing the inheritan
e of alleles with respe
t to the pedigree set and 
om-paring what is a
tually found to what is expe
ted under the null hypothesis
H0 of random inheritan
e, lead to a variety of statisti
al tests for the presen
eof geneti
 linkage. Note that su
h tests does not expli
itly, but performan
e-wise impli
itly, need assumptions regarding the underlying geneti
 diseasemodel.2Generally, for a single pedigree, the a
tual inheritan
e analysis is basedon the 
on
ept of sharing alleles identi
al-by-des
ent (IBD). To s
ore inher-itan
e patterns one introdu
es a s
ore fun
tion (S) to numeri
ally quantifythe degree of sharing. The input to the s
ore fun
tion is the so 
alled inheri-tan
e ve
tor (Donnelly, 1983; Kruglyak et al., 1996) rather than the markerdata itself.3 As a general referen
e to NPL analysis 
onsider, for instan
e,Ängquist (2007).1.1 The NPL S
oreIntrodu
e the pedigree-spe
i�
 NPL s
ore at lo
us x as

Z(x) =
∑

w∈V

pw(x)S(w), (1)where pw(x) = P [v(x) = w|MD] is the inheritan
e distribution at x, w is aninheritan
e ve
tor, V and MD are the set of all possible inheritan
e ve
torsand the marker data at x, and S is a standardized s
ore fun
tion.4Assume a pedigree set of N pedigrees. The (total or pedigree set) NPLs
ore is generated as
Z(x) =

N
∑

k=1

γkZk(x), (2)1A pedigree is a, possibly multigenerational, 
onne
ted set of relatives.2This is why they are referred to as nonparametri
!3A

ording to 
onstru
ted (through the de�nition of S) or mandatory(inherent through v) symmetries, this basi
ally 
orresponds to giving distin
t s
oresto a 
ertain number of de�ned di�erent IBD-sharing patterns within the pedigree.4Being standardized means that the original unstandardized s
ores (output from s
orefun
tion de�nition) have been transformed to obey E(S|H0) = 0 and V (S|H0) = 1.



2 THE MSPSS METHOD 4where γk is the kth pedigree weight, ∑

N

k=1 γ2
k

= 1 in order to preserve stan-dardization (unit varian
e), and Zk is the kth pedigree-spe
i�
 NPL s
orefrom (1).For genome-wide s
ans, the obvious 
hoi
e of test statisti
 is the maximumNPL s
ore,
Zmax = max

x

Z(x); x ∈ Ω, (3)where Ω is the genome region under study. Genome-wide approa
hes to sig-ni�
an
e 
al
ulations based on (3) is developed in e.g. Lander and Kruglyak(1995), Tang and Siegmund (2001) and Ängquist and Hössjer (2005) (ana-lyti
al approximation), and Ott (1989), Malley et al. (2002) and Ängquistand Hössjer (2004) (Monte Carlo simulation).For well-known alternative NPL-methods see e.g. Cordell et al. (1995)and Kong and Cox (1997). A brief overview of several test statisti
s is givenin Haines and Peri
ak-Van
e (1998).1.2 Outline of PaperIn Se
tion 2 we present the motivation for a population-based disease het-erogeneity linkage s
ore and formulate the general formulation of the methodbased on the nonparametri
 MSPSS-s
ore, whi
h is a fun
tion of the orderedset of pedigree-spe
i�
 NPL s
ores and their 
orresponding weights. Next,Se
tion 3 is dedi
ated to the method-instan
e based on a threshold-typesele
tion 
riterion, i.e. whi
h is de�ned through sele
ting pedigree-spe
i�
s
ores with respe
t to a prede�ned s
ore 
riterion. Further, in Se
tion 4we perform Monte Carlo simulations in order to 
al
ulate signi�
an
e levelsand power, displaying results through ROC-
urves, and some �nal dis
ussionis given in Se
tion 5. Some alternative (perhaps peripheral) methods, andextensions, are referred to the Appendi
es2 The MSPSS MethodHere we will des
ribe the new algorithmi
 pro
edure 
alled the maximumsele
ted pedigree subset-s
ore method (MSPSSM).



2 THE MSPSS METHOD 52.1 Brief MotivationStandard linkage analysis-pro
edures are based on the assumption of, or areat least designed for, observing a pedigree set from a homogeneous popula-tion, i.e. where the underlying geneti
 model is a valid disease des
ription forall observable pedigrees 
onstituting the population of interest. One mightargue that ex
eptions to su
h a truth may exist. Expli
itly, these deviationsmay 
orrespond to: (i) Lo
us heterogeneity, i.e. that di�erent in�uential dis-ease lo
i for di�erent subpopulations are present. This might be of severeimportan
e regarding the 
ontext of 
omplex diseases. (ii) That the diseaseexists only in a spe
i�
 subpopulation.The MSPSS method outlined below is a nonparametri
 approa
h designedto being well-adapted to su
h 
ases, as a way of partially dealing with this
ompli
ating fa
t. For information, and further referen
es, on parametri
 ap-proa
hes to linkage analysis in
orporating similar heterogeneity-parameters
onsider e.g. Ott (1999).2.2 General FormulationAssume a pedigree set 
onsisting of N pedigrees. Let Z1, Z2, . . . , ZN bethe N pedigree-spe
i�
 NPL s
ores (1) weighted through (2). Permute thissequen
e to form the ordered s
ores Z(1), Z(2), . . . , Z(N), i.e. where Z(k) is the
kth largest s
ore and, 
onsequently, Z(1) ≥ Z(2) ≥ · · · ≥ Z(N).Now, pi
k the n largest pedigree-spe
i�
 s
ores from (2) and 
alulate the
orresponding nth pedigree subset-s
ore (PSS)

Zn(x) =

n
∑

k=1

γ(k)Z(k)(x); 1 ≤ n ≤ N. (4)Let us now generally de�ne the sele
ted pedigree subset-s
ore (SPSS) as
Zn′

(x) =
n
′

∑

k=1

γ(k)Z(k)(x); 1 ≤ n′ ≤ N, (5)where (in the most general form) n′ = g ({Zk}, {γk}) is 
hosen with respe
tto a sele
tion 
riterion fun
tion g(·) based on both all the pedigree-spe
i�
s
ores and the 
orresponding pedigree-weights.



3 SPECIFIC FORMULATIONS OF METHOD 62.3 A
tual Test Statisti
The intuitive and most natural test statisti
 using the formulation of (5),with respe
t to a genome-wide study over region Ω, is
Zn

′

max = max
x

Zn
′

(x); x ∈ Ω, (6)i.e. the maximum sele
ted pedigree subset-s
ore (MSPSS).A

ording to problems with 
omputational 
omplexity it might seem favourable,in some 
ases, to approximate (6) with 
al
ulating (5) only with respe
t toeither (i) lo
i {x; Z(x) ≥ T} or (ii) lo
i {x; x = arg Zmax}.3 Spe
i�
 Formulations of MethodWe mainly 
onsider a s
ore threshold-based instan
e of (5) whi
h is indepen-dent of the pedigree γ-weights. Note that it is obviously not possible, using(5), to dire
tly numeri
ally 
ompare results based on distin
t thresholds.Hen
e we are for
ed to simulate and 
al
ulate 
orresponding signi�
an
e 
al-
ulations for ea
h 
ase separately. Using so 
alled re
eiver operating 
hara
-teristi
s (ROC)-
urves (Selin, 1965; Bradley, 1996) fa
ilitates simultaneousplotting, power versus signi�
an
e levels, and hen
e 
omparisons between
ases.Remark 1 As a side e�e
t, su
h formulations of (5) implies that it is no-longer important to standardize the γ-weights above, i.e. the set of weightsonly express relative importan
e between the pedigrees in the pedigree set,without any 
orresponding for
ed numeri
al s
ale-restri
tion.3.1 Threshold-Type CriterionChoose n′ as the number of pedigree-spe
i�
 s
ores larger than threshold T ,i.e. n′ = |{Zk; Zk ≥ T}|. For pedigree k, the threshold may be expli
itlyprede�ned or impli
itly through a given, exa
t or approximate, quantile ofthe s
ore null distribution F k

H0
(based on s
ore fun
tion Sk).Remark 2 Let us assume knowledge of the underlying geneti
 model, i.e.
omplete understanding of the valid (present) alternative hypothesis H1, whi
h



4 RESULTS 7in turn fa
ilitates 
omputation of distribution F̄H1
= 1 − FH1

. In this 
ase,reasonable 
hoi
es of T may be based on, for example,






T = arg max
x

[

F̄H1
(x) − F̄H0

(x)
]

,

T = arg max
x

([

F̄H1
(x) − F̄H0

(x)
]

/FH0
(x)

)

.Remark 3 As the threshold sele
tion-rules in Remark 2 suggests it is per-fe
tly possible to use di�erent thresholds for di�erent pedigrees in the samepedigree set. Assuming perfe
t data, our suggestion is to reserve this alter-native to di�erent pedigree units in a nonhomogeneous pedigree set.54 ResultsIn this se
tion we will perform and dis
uss one-lo
us signi�
an
e 
al
ula-tions, signi�
an
e levels (α) and power (β), with respe
t to the homogeneouspedigree-sets based on units displayed in Figure 1.6 Pedigrees 1-3 is arti�
ial,but reasonably interesting and instru
tive, pedigree units, and Pedigrees 4-5are real example units taken from the BOTNIA-study (Lindgren et al., 2002;Ängquist and Hössjer, 2005).4.1 PreliminariesThroughout we 
onsider a genome based on a single 
hromsome Ω = C,with length |C| = 3 Morgans, and equal weighting (all γ-weights equal) withrespe
t to pedigree sets based on N = 50 or N = 200 pedigreesWe de�ne alternative hypotheses through the following geneti
 diseasemodels: (i) Assuming disease allele frequen
y p = p(D) = 0.01. (ii) Usingany of the penetran
e ve
tors,










f 1 = (0.001, 0.999, 0.999),

f 2 = (0.001, 0.500, 0.999),

f 3 = (0.001, 0.001, 0.999),

(7)where f = (f0, f1, f2) des
ribes the 
onne
tion between the phenotype (dis-ease status) and genotype (disease- and nondisease alleles) at the disease5See Footnote 6 below.6Expli
itly, in a homogeneous pedigree set all pedigrees in the set has 
ommon stru
tureand phenotype setting (given by the unit).
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− male

− affected

− unaffected

− female

2 3

4

5

1

− unknown
  phenotype

Figure 1: A pedigree set 
onsisting of 5 di�erent pedigrees, all with distin
tstru
tures and phenotype settings. Note that these pedigrees fun
tion as ourbasi
 pedigree units, forming the basis for our homogeneous pedigree setsused in the analyses.lo
us. Expli
itly, fi equals the probability of being a�e
ted given a diseasegenotype 
onsisting of i Ds and 2−i ds. (iii) Assuming that the disease lo
us
l is lo
ated in the middle of the �rst (and only) 
hromosome (l = 1.5M).Further, we assume perfe
t marker data, i.e. fully observable inheritan
eve
tors through the 
omplete genome, base our analyses on pedigree-spe
i�
s
ores produ
ed by the s
ore fun
tion Spairs (Whittemore and Halpern, 1994)and 
ompare the NPL s
ore-method versus the threshold-type MSPSS-methodthrough plotting ROC-
urves.Remark 4 Note: (i) All signi�
an
e 
al
ulations are performed using 
rudeMonte Carlo simulations. (ii) We adopt (6), i.e. we 
al
ulate the MSPSS-statisti
 at all lo
i throughout Ω.4.2 Signi�
an
e Cal
ulations Using the Threshold-TypeCriterion4.2.1 S
ore DistributionFor a pedigree unit the s
ore distribution is based on all possible pedigree-spe
i�
 s
ores, where ea
h s
ore 
orresponds to a spe
i�
 inheritan
e ve
tor
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v.7 Note that the distribution 
learly depends on 
hoi
e of s
ore fun
tion,the pedigree stru
ture and present phenotype setting. Fa
ing imperfe
t datamakes the distribution dependent on marker data from the founders, whi
hotherwise is not the 
ase.In our main analyses we tune the sele
tion 
riteria with s
ore threshold
T = 1.25. Basi
ally this means that, in the MSPSS 
ase, we base ea
h analy-sis only on pedigree s
ores whi
h ex
eed threshold 1.25. For more informationon the relation between this spe
i�
 threshold and the �ve marginal (pedi-gree unit) distributions, observing F̄H0

(1.25), for the pedigrees in Figure 1,see Table 1 and Figure 2.8Table 1: Probabilities, for Pedigrees 1-5, F̄H0
(1.25) of marginally ex
eedingthe threshold T = 1.25 under the null hypothesis of no linkage. [To easeinterpretation of F̄H1

(1.25) under the alternative hypothesis, see this as themarginal distribution at the (under the assumptions false) disease lo
us.℄Moreover the number of possible inheritan
e ve
tors |V| with respe
t to theset of all inheritan
e ve
tors V is shown.Pedigree |V| F̄H0
(1.25)1 24 = 16 0.252 28 = 256 0.253 210 = 1024 0.12114 216 = 65536 0.14165 212 = 4096 0.25

4.2.2 Appli
ation to A�e
ted Sib-PairsThe pedigree unit 
orresponding to Pedigree 1 in Figure 1 is 
alled an a�e
tedsib-pair (ASP) and is a 
ommon unit with respe
t to geneti
 analysis. Herethe number of inheritan
e ve
tors |V| equals 16, but the number of distin
t7In other words, the distribution is based on the set of s
ores {S} = {S(w); w ∈ V},where V is the set of possible inheritan
e ve
tors.8Note that all subgraphs are based on the founder 
ouple redu
tion-redu
ed set ofinheritan
e ve
tors (Kruglyak et al., 1996; Gudbjartsson et al., 2000), i.e. |V| = 2m−frather than 2m, where m and f are the number of meioses and founders.
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Number of inheritance  
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Figure 2: The pedigree-spe
i�
 marginal s
ore distributions for Pedigrees1-5. For more information, see Table 1.s
ores is only three. Using Spairs one �nds the standardized s
ore ve
tor
(s0, s1, s2) = (−

√
2, 0,

√
2) 
orresponding to the ASP sharing 0, 1 or 2 allelesIBD respe
tively.9This implies that 
hoosing 0 < T ≤

√
2 ≈ 1.4142 virtually equals using atest statisti
 based on the number of ASPs sharing 2 alleles IBD.Remark 5 Note that sin
e the test is degenerate for T >

√
2 and F̄H0

(T ) = 0.25for 0 < T ≤
√

2, whi
h is quite large, we will in an expe
ted value-sense al-ways pi
k at least 25% of the nonsus
eptible pedigree-spe
i�
 s
ores when
al
ulating (5). Sadly, this means that it is impossible to further redu
e thepresent noise (noninformative varian
e) from the linkage signal (with respe
tto the test statisti
).9The same is true, for instan
e, for the well-known s
ore fun
tion Sall. In fa
t, all s
orefun
tions equivalent to Spairs and Sall produ
es the same s
ore distribution for ASPs.Equivalen
e, assuming nonstandardized s
ores with s′
2
≥ s′

1
≥ s′

0
, may be formalizedthrough the equivalen
e 
lass ful�lling (s′

2
−s′

1
) = c(s′

1
−s′

0
) for a given 
onstant c ≥ 0. The
lass in
luding Spairs and Sall 
orresponds to all the symmetri
 s
ore fun
tions where c = 1.For some dis
ussion on s
ore fun
tions for ASPs 
onsider e.g. Ängquist et al. (2005).



4 RESULTS 114.2.3 Main AnalysesLet us introdu
e the heterogeneity parameter h whi
h equals the probabilityfor a randomly 
hosen (as
ertained) pedigree to be sus
eptible for the disease,i.e. that the geneti
 model 
orresponding to an alternative hypothesis is validfor this spe
i�
 pedigree.10Remark 6 Note that h = 1 
orrespond to a homogeneous population, whereas
h = 0 relates to a nonexisting disease (in this population) and 0 < h < 1des
ribes the strength of the disease heterogeneity (with respe
t to this popu-lation); in
resing strength for de
reasing h.In the main analyses we set N = 50 and h = 0.2. The results, for ea
h pen-etran
e setting separately, are displayed in Figures 3-5. The MSPSS-methodgenerally performs best, and is favourable to the NPL-method, for Pedigrees3-4, i.e. in these 
ases where the number of distin
t s
ores is the largest andprobability F̄H0

(T ) is the smallest. In the other 
ases the performan
e issimilar or, sometimes, even in favour of the NPL-approa
h.4.2.4 Additional AnalysesIn the additional analyses we set N = 200 and use penetran
e ve
tor f 1 forPedigree 4. We set up diverse settings by 
ombining thresholds T ∈ {1.25, 2.5}and heterogeneity h ∈ {1, 0.2, 0.1, 0.05} in all possible ways. For the rela-tion between the two thresholds and the 
orresponding null- and alternativemarginal distributions (and their ratios), see Table 2.Table 2: Probabilities, for Pedigree 4, for marginally ex
eeding T = 1.25 and
T = 2.5 under null- and alternative hypothesis based on penetran
e f 1.

T F̄H0
(T ) F̄H1

(T ) F̄H1
(T )/F̄H0

(T )1.25 0.1416 0.7861 5.55182.5 0.0156 0.2048 13.1123The results are displayed in Figure 6.10In the Monte Carlo simulations under H1, we �rst de�ne N and then randomly gen-erate the number of sus
eptible pedigrees Nh a

ording to generating a random numberfrom a binomial distribution, i.e. Nh ∼ Bin(N, h).
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Figure 3: Comparing the NPL-based and the MSPSS-based methods, underpenetran
e setting f 1, using threshold T = 1.25, number of pedigrees N = 50,heterogeneity h = 0.2 and number of simulations J = 1000.
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Figure 4: Comparing the NPL-based and the MSPSS-based methods, underpenetran
e setting f 2. For more information, see Figure 3.
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Figure 5: Comparing the NPL-based and the MSPSS-based methods, underpenetran
e setting f 3. For more information, see Figure 3.
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Figure 6: Comparing the NPL-based and the MSPSS-based methods, underpenetran
e setting f 1, using thresholds T ∈ {1.25, 2.5}, number of pedigrees
N = 200, heterogeneity parameters h ∈ {0.05, 0.1, 0.2, 1} and number ofsimulations J = 1000.



5 DISCUSSION 165 Dis
ussionLooking at the Figure 6 one might note that generally is in favour of theMSPSS-method for T = 1.25, whereas the opposite 
on
lusion is true forthe larger threshold T = 2.5. With de
reasing h both methods loose power,whi
h is fully 
onsistent with the underlying theory (and intuitive under-standing). The problem, for the MSPSS-method, when T = 2.5 is that thenumber of sele
ted sus
eptible pedigrees probably is very low (though theratio between the number of sus
eptible and nonsus
eptible pedigrees shouldbe high) whi
h leads to loss of power. Using the NPL-method keeps all thesus
eptible pedigrees but, at the same time, the linkage signal is blurreda

ording to the nonsus
eptible 
ounterparts.To sum up, properly tuned (using T with respe
t to given N and as-sumed h) the MSPSS-method might in many 
ases be more powerful thanthe 
onventionally used NPL-s
ore.Referen
esÄngquist, L. (2007). Pointwise and genomewide signi�
an
e 
al
ulations ingene mapping through nonparametri
 linkage analysis: Theory, algo-rithms and appli
ations (Do
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A PROPORTION-TYPE CRITERION 18Ott, J. (1999). Analysis of human geneti
 linkage (Third ed.). New York:The John Hopkins University Press.Selin, I. (1965). Dete
tion theory. Prin
eton, New Jersey: Prin
eton Univer-sity Press.Tang, H. K. and Siegmund, D. (2001). Mapping quantitative trait lo
i inoligogeni
 models. Biostatisti
s, 2, 147�162.Whittemore, A. S. and Halpern, J. (1994). A 
lass of tests for linkage usinga�e
ted pedigree members. Biometri
s, 50, 118�127.A Proportion-Type CriterionInstead of sele
ting pedigrees using a 
riterion based on prede�ned s
orethresholds one may dire
tly de�ne a �xed (nonrandom) number n′.11 Herethe same kind of judgements as in the threshold-
ase must be made, i.e. onemust 
onsider the pedigree null hypothesis and an assumption on the alter-native hypothesis and make a de
ision. Of 
ourse, this approa
h has some(rather vague) 
onne
tion to the assumed proportion of sus
eptible pedigreesin the underlying population, but interpretational power is diminished sin
ein this 
ase we may not even easily 
al
ulate the expe
ted number of sele
tednonsus
eptible pedigrees under given H1.12Remark 7 One may note that using �xed n′ (proportion-based sele
tion)makes the sele
tion pro
edure independent not only of pedigree-weights buteven of the pedigree-spe
i�
 s
ores.B Maximum Standardized S
ore MethodB.1 Basi
 VersionLet us take the n largest pedigree-spe
i�
 s
ores and their 
orresponding
γ-weights from (2) and de�ne Mn as

Mn(x) =
n

∑

k=1

γn

(k)Z(k)(x); 1 ≤ n ≤ N, (8)11For example, 
omputing the sum in (5) over the top 0.1%, 1%, 5% or 10% s
ores.12Cal
ulations involve messy derivations through using order statisti
s.



B MAXIMUM STANDARDIZED SCORE METHOD 19where the adjusted weights ∑

n

k=1

[

γn

(k)

]2

=
∑

n

k=1 γ2
(k)/Cn = 1 and Cn is anormalizing 
onstant. Using (8) makes it possible to 
ompute the maximumstandardized s
ore (MSS)

M(x) = max
n

Mn(x) = max
n

n
∑

k=1

γn

(k)Z(k)(x); 1 ≤ n ≤ N. (9)When de�ning a test statisti
 it is more natural to use the maxx∈Ω M(x)based on the a
tual (reweighted) MSS s
ore (9) than the 
orresponding ver-sion of (6).13Remark 8 This method may be motivated by the fa
t that one 
hooses thepedigree s
ores (and the lo
us) that, pretending that the 
omplementary infor-mation never existed, produ
es the maximum traditional NPL-s
ore. How-ever, sadly but true, this seems more to be a fun note than a very strongargument.B.2 RevisitedReformulating the 
riterion above we assume an underlying lo
us and oppressthe dependen
e on x throughout this argument. We start out using (8),










































Mn =
n

∑

k=1

γn

(k)Z(k),

Mn+1 =
n

∑

k=1

γn+1
(k) Z(k)(x) + γn+1

(n+1)Z(n+1),

Mn+1 − Mn =

n
∑

k=1

[

γn+1
(k) − γn

(k)

]

Z(k)(x) + γn+1
(n+1)Z(n+1),

(10)
13The former 
ase may be de�ned through Zn′

max
where n′ = argM = arg maxn Mn.The argument is supported by n′ not ne
essarily in
reasing with respe
t to, for instan
e,strength of geneti
 model under H1 and proportion of sus
eptible pedigrees in population;
alling for reweighting of pedigrees.



B MAXIMUM STANDARDIZED SCORE METHOD 20Using the third part of (10) one may note that
Mn+1 − Mn ≥ 0 ⇔ Z(n+1) ≥

1

γn+1
(n+1)

n
∑

k=1

[

γn

(k) − γn+1
(k)

]

Z(k)(x)

⇔ Z(n+1) ≥
1

γn

(n+1)

[

√

1 +
[

γn

(n+1)

]2

− 1

]

n
∑

k=1

γn

(k)Z(k)(x)

⇔ h(n + 1)Mn, (11)where the fun
tion h(n+1) = h (n + 1; {Zk}, {γk}) impli
itly depends on theoriginal pedigree-spe
i�
 weights and s
ores from (2). For derivation of the�nal equivalen
e in (11), see Se
tion B.3.In other words the (n+1)th s
ore (8) is favourable with respe
t to the nths
ore if (11) is satis�ed.Remark 9 Sin
e the right-most side (sum) in (11) is not guaranteed toin
rease it is not possible to ex
lude multiple lo
al maximums of the Mn-fun
tion.B.3 Derivation of CriterionLet γn

(n+1) be the (n + 1)th pedigree-weight (normalized with Cn). Further,
n+1
∑

k=1

[

γn

(k)

]2
=

n
∑

k=1

[

γn

(k)

]2
+

[

γn

(n+1)

]2
= 1 +

[

γn

(n+1)

]2
,whi
h implies, that in order to preserve the standardization, we need torede�ne the weights as

γn+1
(k) = γn

(k)/

√

1 +
[

γn

(n+1)

]2

; k = 1, 2, . . . , n + 1. (12)Now, inserting (12) we have
1

γn+1
(n+1)

[

γn

(k) − γn+1
(k)

]

=









√

1 +
[

γn

(n+1)

]2

γn

(n+1)

















γn

(k) −
γn

(k)
√

1 +
[

γn

(n+1)

]2









=
1

γn

(n+1)

[

√

1 +
[

γn

(n+1)

]2

− 1

]

γn

(k),where the �rst two terms in the �nal produ
t are independent of k.



C ALTERNATIVE METHOD 21C Alternative MethodAs an alternative to the sele
tion pro
edures outlined in Se
tion 3 and Ap-pendix A, it is possible to fo
us on pedigree-proportion of total s
ore Z(x) in(2) rather than pedigree-spe
i�
 s
ores in (1), i.e. to de�ne the ordered s
oresequen
e Z(1′), Z(2′), . . . , Z(N ′) through the alternative ordering-relation
γ(1′)Z(1′) ≥ γ(2′)Z(2′) ≥ · · · ≥ γ(N ′)Z(N ′).Now, the alternative pro
edures are readily available by repla
ing s
ores

Z(k) with the produ
ts Z(k′).14 This approa
h may be interpreted as in
or-porating a priori information on relative importan
e of pedigrees into theanalysis.

14Note that [(1′), (2′), . . . , (N ′)] is a permutation of [(1), (2), . . . , (N)], whi
h in itself isyet another permutation of the standard in
reasing 
ounting sequen
e [1, 2, . . . , N ].


