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Abstract

In this article we develop and describe what we call the maximum selected
pedigree subset-score method (MSPSSM). This method is intended to im-
prove nonparametric linkage (NPL) analysis in the presence of disease het-
erogeneity, i.e. when only a subset of the pedigrees in the population actually
is susceptible to the disease under study. Basically, one aims at reducing the
noise to the linkage signal through forming test statistics using only a subset
of the pedigrees in the pedigree set.

We perform simulations with respect to the MSPSS method, under various
genetic parameter-settings and pedigree sets, and make appropriate compar-
isons to the standard NPL-score method. Moreover, we note on some similar
alternative methods.

Key words: Nonparametric linkage analysis, maximum selected pedigree
subset-score method, disease heterogeneity, significance levels and power,
ROC-curves, selection criterias.
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1 Introduction

The basis for linkage analysis is to observe marker data (MD), in the form of
genotypes, with respect to a set of pedigrees, i.e. the so called pedigree set.!
Procedures belonging to the field of nonparametric linkage (NPL) analysis,
analyzing the inheritance of alleles with respect to the pedigree set and com-
paring what is actually found to what is expected under the null hypothesis
Hj of random inheritance, lead to a variety of statistical tests for the presence
of genetic linkage. Note that such tests does not explicitly, but performance-
wise implicitly, need assumptions regarding the underlying genetic disease
model.?

Generally, for a single pedigree, the actual inheritance analysis is based
on the concept of sharing alleles identical-by-descent (IBD). To score inher-
itance patterns one introduces a score function (S) to numerically quantify
the degree of sharing. The input to the score function is the so called inheri-
tance vector (Donnelly, 1983; Kruglyak et al., 1996) rather than the marker
data itself.> As a general reference to NPL analysis consider, for instance,
Angquist (2007).

1.1 The NPL Score

Introduce the pedigree-specific NPL score at locus x as
Z(x) =) pulw)S(w), (1)
wev

where p,(z) = P [v(z) = w|MD] is the inheritance distribution at z, w is an
inheritance vector, V and MD are the set of all possible inheritance vectors
and the marker data at z, and S is a standardized score function.*

Assume a pedigree set of N pedigrees. The (total or pedigree set) NPL
score is generated as

Z(x) =Y w(x), (2)

LA pedigree is a, possibly multigenerational, connected set of relatives.

2This is why they are referred to as nonparametric!

3According to constructed (through the definition of S) or mandatory
(inherent through v) symmetries, this basically corresponds to giving distinct scores
to a certain number of defined different IBD-sharing patterns within the pedigree.

“Being standardized means that the original unstandardized scores (output from score
function definition) have been transformed to obey E(S|Hp) = 0 and V(S|Hyp) = 1.



2 THE MSPSS METHOD 4

where 7;, is the k™ pedigree weight, ny:l 72 =1 in order to preserve stan-
dardization (unit variance), and Zj is the k'® pedigree-specific NPL score
from (1).
For genome-wide scans, the obvious choice of test statistic is the maximum
NPL score,
Znax = max Z(x); e, (3)

where () is the genome region under study. Genome-wide approaches to sig-
nificance calculations based on (3) is developed in e.g. Lander and Kruglyak
(1995), Tang and Siegmund (2001) and Angquist and Héssjer (2005) (ana-
lytical approximation), and Ott (1989), Malley et al. (2002) and Angquist
and Hossjer (2004) (Monte Carlo simulation).

For well-known alternative NPL-methods see e.g. Cordell et al. (1995)
and Kong and Cox (1997). A brief overview of several test statistics is given
in Haines and Pericak-Vance (1998).

1.2 Outline of Paper

In Section 2 we present the motivation for a population-based disease het-
erogeneity linkage score and formulate the general formulation of the method
based on the nonparametric MSPSS-score, which is a function of the ordered
set of pedigree-specific NPL scores and their corresponding weights. Next,
Section 3 is dedicated to the method-instance based on a threshold-type
selection criterion, i.e. which is defined through selecting pedigree-specific
scores with respect to a predefined score criterion. Further, in Section 4
we perform Monte Carlo simulations in order to calculate significance levels
and power, displaying results through ROC-curves, and some final discussion
is given in Section 5. Some alternative (perhaps peripheral) methods, and
extensions, are referred to the Appendices

2 The MSPSS Method

Here we will describe the new algorithmic procedure called the mazimum
selected pedigree subset-score method (MSPSSM).
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2.1 Brief Motivation

Standard linkage analysis-procedures are based on the assumption of, or are
at least designed for, observing a pedigree set from a homogeneous popula-
tion, i.e. where the underlying genetic model is a valid disease description for
all observable pedigrees constituting the population of interest. One might
argue that exceptions to such a truth may exist. Explicitly, these deviations
may correspond to: (i) Locus heterogeneity, i.e. that different influential dis-
ease loci for different subpopulations are present. This might be of severe
importance regarding the context of complex diseases. (ii) That the disease
exists only in a specific subpopulation.

The MSPSS method outlined below is a nonparametric approach designed
to being well-adapted to such cases, as a way of partially dealing with this
complicating fact. For information, and further references, on parametric ap-
proaches to linkage analysis incorporating similar heterogeneity-parameters
consider e.g. Ott (1999).

2.2 General Formulation

Assume a pedigree set consisting of N pedigrees. Let Z1,Zs,...,Zy be
the N pedigree-specific NPL scores (1) weighted through (2). Permute this
sequence to form the ordered scores Z(1y, Z(3), ..., Z(n), i.e. where Z, is the
k" largest score and, consequently, Zay 2 Zgy =+ = Z(N).

Now, pick the n largest pedigree-specific scores from (2) and calulate the
corresponding n'" pedigree subset-score (PSS)

Z"(x) =Y vwZw(e); 1<n<N. (4)
k=1

Let us now generally define the selected pedigree subset-score (SPSS) as

Z"(x) =Y wZmlx); 1<n <N, (5)
k=1

where (in the most general form) n’ = g ({Zx}, {7%}) is chosen with respect
to a selection criterion function g(-) based on both all the pedigree-specific
scores and the corresponding pedigree-weights.
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2.3 Actual Test Statistic

The intuitive and most natural test statistic using the formulation of (5),
with respect to a genome-wide study over region (2, is
Zv =maxZ" (z); x€Q, (6)
x
i.e. the mazimum selected pedigree subset-score (MSPSS).
According to problems with computational complexity it might seem favourable,

in some cases, to approximate (6) with calculating (5) only with respect to
either (i) loci {z; Z(x) > T} or (ii) loci {z; x = arg Zpax}-

3 Specific Formulations of Method

We mainly consider a score threshold-based instance of (5) which is indepen-
dent of the pedigree v-weights. Note that it is obviously not possible, using
(5), to directly numerically compare results based on distinct thresholds.
Hence we are forced to simulate and calculate corresponding significance cal-
culations for each case separately. Using so called receiver operating charac-
teristics (ROC)-curves (Selin, 1965; Bradley, 1996) facilitates simultaneous
plotting, power versus significance levels, and hence comparisons between
cases.

Remark 1 As a side effect, such formulations of (5) implies that it is no-
longer important to standardize the ~v-weights above, i.e. the set of weights
only express relative importance between the pedigrees in the pedigree set,
without any corresponding forced numerical scale-restriction.

3.1 Threshold-Type Criterion

Choose n' as the number of pedigree-specific scores larger than threshold T,
ie.n' = |{Zy; Z, > T}|. For pedigree k, the threshold may be explicitly
predefined or implicitly through a given, exact or approximate, quantile of
the score null distribution FI’}O (based on score function Sk).

Remark 2 Let us assume knowledge of the underlying genetic model, i.e.
complete understanding of the valid (present) alternative hypothesis Hy, which
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in turn facilitates computation of distribution Fy, = 1 — Fy,. In this case,
reasonable choices of T may be based on, for example,

T = arg max [FHl (v) — Fpg, (@] )

xT

T = argmfx ([FHl(l') - FHO('Z‘)} /FHO('Z‘)) :

Remark 3 As the threshold selection-rules in Remark 2 suggests it is per-
fectly possible to use different thresholds for different pedigrees in the same
pedigree set. Assuming perfect data, our suggestion is to reserve this alter-
native to different pedigree units in a nonhomogeneous pedigree set.”

4 Results

In this section we will perform and discuss one-locus significance calcula-
tions, significance levels («) and power (), with respect to the homogeneous
pedigree-sets based on units displayed in Figure 1.5 Pedigrees 1-3 is artificial,
but reasonably interesting and instructive, pedigree units, and Pedigrees 4-5
are real example units taken from the BOTNIA-study (Lindgren et al., 2002;
Angquist and Héssjer, 2005).

4.1 Preliminaries

Throughout we consider a genome based on a single chromsome €2 = C,
with length |C'| = 3 Morgans, and equal weighting (all v-weights equal) with
respect to pedigree sets based on N = 50 or N = 200 pedigrees

We define alternative hypotheses through the following genetic disease
models: (i) Assuming disease allele frequency p = p(D) = 0.01. (ii) Using
any of the penetrance vectors,

£' = (0.001, 0.999, 0.999),
£? = (0.001,0.500, 0.999), (7)
£2 = (0.001,0.001, 0.999),

where f = (fo, f1, f2) describes the connection between the phenotype (dis-
ease status) and genotype (disease- and nondisease alleles) at the disease

®See Footnote 6 below.
SExplicitly, in a homogeneous pedigree set all pedigrees in the set has common structure
and phenotype setting (given by the unit).
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|:| - male
O - female

[ ]- unaffected
. - affected

- unknown

phenotype

Figure 1: A pedigree set consisting of 5 different pedigrees, all with distinct
structures and phenotype settings. Note that these pedigrees function as our
basic pedigree units, forming the basis for our homogeneous pedigree sets
used in the analyses.

locus. Explicitly, f; equals the probability of being affected given a disease
genotype consisting of ¢ Ds and 2—i ds. (iii) Assuming that the disease locus
[ is located in the middle of the first (and only) chromosome (I = 1.5M).

Further, we assume perfect marker data, i.e. fully observable inheritance
vectors through the complete genome, base our analyses on pedigree-specific
scores produced by the score function Spais (Whittemore and Halpern, 1994)
and compare the NPL score-method versus the threshold-type MSPSS-method
through plotting ROC-curves.

Remark 4 Note: (i) All significance calculations are performed using crude
Monte Carlo simulations. (ii) We adopt (6), i.e. we calculate the MSPSS-
statistic at all loci throughout €.

4.2 Significance Calculations Using the Threshold-Type
Criterion

4.2.1 Score Distribution

For a pedigree unit the score distribution is based on all possible pedigree-
specific scores, where each score corresponds to a specific inheritance vector
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v.” Note that the distribution clearly depends on choice of score function,

the pedigree structure and present phenotype setting. Facing imperfect data
makes the distribution dependent on marker data from the founders, which
otherwise is not the case.

In our main analyses we tune the selection criteria with score threshold
T = 1.25. Basically this means that, in the MSPSS case, we base each analy-
sis only on pedigree scores which exceed threshold 1.25. For more information
on the relation between this specific threshold and the five marginal (pedi-
gree unit) distributions, observing Fy,(1.25), for the pedigrees in Figure 1,
see Table 1 and Figure 2.

Table 1: Probabilities, for Pedigrees 1-5, Fy,(1.25) of marginally exceeding
the threshold T = 1.25 under the null hypothesis of no linkage. [To ease
interpretation of Fy, (1.25) under the alternative hypothesis, see this as the
marginal distribution at the (under the assumptions false) disease locus.|
Moreover the number of possible inheritance vectors |V| with respect to the
set of all inheritance vectors V is shown.

Pedigree |V Fy,(1.25)
1 24 =16 0.25
2 28 = 256 0.25
3 210 = 1024 0.1211
4 216 = 65536  0.1416
Y 212 = 4096 0.25

4.2.2 Application to Affected Sib-Pairs

The pedigree unit corresponding to Pedigree 1 in Figure 1 is called an affected
sib-pair (ASP) and is a common unit with respect to genetic analysis. Here
the number of inheritance vectors |V| equals 16, but the number of distinct

"In other words, the distribution is based on the set of scores {S} = {S(w); w € V},
where V is the set of possible inheritance vectors.

8Note that all subgraphs are based on the founder couple reduction-reduced set of
inheritance vectors (Kruglyak et al., 1996; Gudbjartsson et al., 2000), i.e. [V| = 2m—f
rather than 2", where m and f are the number of meioses and founders.
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Pedigree 1 Pedigree 2
2 20
1 | 10 |
0 0 I
-2 -1 0 1 2 -1 0 1 2
Pedigree 3 Pedigree 4
100 400
50 200 | | |
. L1, L,
-2 0 2 4 6 -2 0 2 4
Pedigree 5
100
Number of inheritance
50 vectors corresponding
to each score.
0
-2 -1 0 1 2

Figure 2: The pedigree-specific marginal score distributions for Pedigrees
1-5. For more information, see Table 1.

scores is only three. Using Spars one finds the standardized score vector
(s0,51,52) = (—v/2,0,v/2) corresponding to the ASP sharing 0, 1 or 2 alleles
IBD respectively.’

This implies that choosing 0 < T' < /2 &~ 1.4142 virtually equals using a
test statistic based on the number of ASPs sharing 2 alleles IBD.

Remark 5 Note that since the test is degenerate for T > /2 and Fy,(T) = 0.25
for 0 < T < /2, which is quite large, we will in an expected value-sense al-
ways pick at least 25% of the nonsusceptible pedigree-specific scores when
calculating (5). Sadly, this means that it is impossible to further reduce the
present noise (noninformative variance) from the linkage signal (with respect

to the test statistic).

9The same is true, for instance, for the well-known score function S,j;. In fact, all score
functions equivalent to Spairs and Sp) produces the same score distribution for ASPs.
Equivalence, assuming nonstandardized scores with s;, > s{ > s{, may be formalized
through the equivalence class fulfilling (s5—s}) = ¢(s] —s() for a given constant ¢ > 0. The
class including Spairs and S,y corresponds to all the symmetric score functions where ¢ = 1.
For some discussion on score functions for ASPs consider e.g. Angquist et al. (2005).
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4.2.3 Main Analyses

Let us introduce the heterogeneity parameter h which equals the probability
for a randomly chosen (ascertained) pedigree to be susceptible for the disease,
i.e. that the genetic model corresponding to an alternative hypothesis is valid
for this specific pedigree.'®

Remark 6 Note that h = 1 correspond to a homogeneous population, whereas
h = 0 relates to a nonexisting disease (in this population) and 0 < h < 1
describes the strength of the disease heterogeneity (with respect to this popu-
lation); incresing strength for decreasing h.

In the main analyses we set N = 50 and h = 0.2. The results, for each pen-
etrance setting separately, are displayed in Figures 3-5. The MSPSS-method
generally performs best, and is favourable to the NPL-method, for Pedigrees
3-4, i.e. in these cases where the number of distinct scores is the largest and
probability Fy,(T) is the smallest. In the other cases the performance is
similar or, sometimes, even in favour of the NPL-approach.

4.2.4 Additional Analyses

In the additional analyses we set N = 200 and use penetrance vector f! for
Pedigree 4. We set up diverse settings by combining thresholds T € {1.25,2.5}
and heterogeneity h € {1,0.2,0.1,0.05} in all possible ways. For the rela-
tion between the two thresholds and the corresponding null- and alternative
marginal distributions (and their ratios), see Table 2.

Table 2: Probabilities, for Pedigree 4, for marginally exceeding 7" = 1.25 and
T = 2.5 under null- and alternative hypothesis based on penetrance f*.

T FHO(T) FHl(T) FHl(T)/FHo(T)
1.25| 0.1416 0.7861 5.5518
2.5 | 0.0156 0.2048 13.1123

The results are displayed in Figure 6.

10Tn the Monte Carlo simulations under H;, we first define N and then randomly gen-
erate the number of susceptible pedigrees Ny, according to generating a random number
from a binomial distribution, i.e. Nj, ~ Bin(N,h).
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— — — NPL-based
<<<<<<< MSPSS-based

Figure 3: Comparing the NPL-based and the MSPSS-based methods, under
penetrance setting f1, using threshold 7' = 1.25, number of pedigrees N = 50,
heterogeneity h = 0.2 and number of simulations J = 1000.
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Figure 4: Comparing the NPL-based and the MSPSS-based methods, under
penetrance setting f2. For more information, see Figure 3.
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Figure 5: Comparing the NPL-based and the MSPSS-based methods, under

penetrance setting f3. For more information, see Figure 3.
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Figure 6: Comparing the NPL-based and the MSPSS-based methods, under
penetrance setting f!, using thresholds 7' € {1.25,2.5}, number of pedigrees
N = 200, heterogeneity parameters h € {0.05,0.1,0.2,1} and number of
simulations J = 1000.
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5 Discussion

Looking at the Figure 6 one might note that generally is in favour of the
MSPSS-method for T" = 1.25, whereas the opposite conclusion is true for
the larger threshold 7' = 2.5. With decreasing h both methods loose power,
which is fully consistent with the underlying theory (and intuitive under-
standing). The problem, for the MSPSS-method, when 7" = 2.5 is that the
number of selected susceptible pedigrees probably is very low (though the
ratio between the number of susceptible and nonsusceptible pedigrees should
be high) which leads to loss of power. Using the NPL-method keeps all the
susceptible pedigrees but, at the same time, the linkage signal is blurred
according to the nonsusceptible counterparts.

To sum up, properly tuned (using 7" with respect to given N and as-
sumed h) the MSPSS-method might in many cases be more powerful than
the conventionally used NPL-score.
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A Proportion-Type Criterion

Instead of selecting pedigrees using a criterion based on predefined score
thresholds one may directly define a fixed (nonrandom) number n’.!! Here
the same kind of judgements as in the threshold-case must be made, i.e. one
must consider the pedigree null hypothesis and an assumption on the alter-
native hypothesis and make a decision. Of course, this approach has some
(rather vague) connection to the assumed proportion of susceptible pedigrees
in the underlying population, but interpretational power is diminished since
in this case we may not even easily calculate the expected number of selected
nonsusceptible pedigrees under given H;.!2

Remark 7 One may note that using fized n' (proportion-based selection)
makes the selection procedure independent not only of pedigree-weights but
even of the pedigree-specific scores.

B Maximum Standardized Score Method

B.1 Basic Version

Let us take the n largest pedigree-specific scores and their corresponding
~-weights from (2) and define M, as

Ma(x) =) igZw() 1<n<N, (8)
k=1

UFor example, computing the sum in (5) over the top 0.1%, 1%, 5% or 10% scores.
12Calculations involve messy derivations through using order statistics.
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where the adjusted weights > 7, [ k)} = 22217(2k)/0n =1and C, is a
normalizing constant. Using (8) makes it possible to compute the mazimum
standardized score (MSS)

M (z) = max M, (z) = maXZ’y&)Z(k)(x); 1<n<N. (9)
k=1

When defining a test statistic it is more natural to use the max,cq M (x)
based on the actual (reweighted) MSS score (9) than the corresponding ver-
sion of (6).1?

Remark 8 This method may be motivated by the fact that one chooses the
pedigree scores (and the locus) that, pretending that the complementary infor-
mation never existed, produces the mazimum traditional NPL-score. How-
ever, sadly but true, this seems more to be a fun note than a very strong
argument.

B.2 Revisited

Reformulating the criterion above we assume an underlying locus and oppress
the dependence on z throughout this argument. We start out using (8),

My = Z%)Z(k)’

My = Z ’YnHZ(k; + ’Y(n+1)Z(n+1)7 (10)

(

n+1 - M Z [’}/&Jrl _ :| Z(k)(l') + ,)/E;:»ll)Z(n+1)7

13The former case may be defined through Zmax where n’ = arg M = argmax,, M,.
The argument is supported by n’ not necessarily increasing with respect to, for instance,
strength of genetic model under H; and proportion of susceptible pedigrees in population;
calling for reweighting of pedigrees.
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Using the third part of (10) one may note that

n

1 n n
My — My, 205 Zny1) 2 —77 Z [’Y(k;) - ’7(;;;1} Zy ()
T(nt+1) k=1

S Zn+1)

- n

T(n+1)
< h(n+1)M,,

(11)
where the function h(n+1) = h (n + 1;{Zx}, {7 }) implicitly depends on the
original pedigree-specific weights and scores from (2). For derivation of the
final equivalence in (11), see Section B.3.

In other words the (n+ 1)™ score (8) is favourable with respect to the n'®
score if (11) is satisfied.

Remark 9 Since the right-most side (sum) in (11) is not guaranteed to
increase it is not possible to exclude multiple local maximums of the M, -
function.

B.3 Derivation of Criterion

Let 47 . be the (n + 1) pedigree-weight (normalized with C,,). Further,

(n+1)
A 2 ~ 2 2 2
S o] =D D) + Do) =14 [ern]
k=1 k=1

which implies, that in order to preserve the standardization, we need to
redefine the weights as

2
Voo " = V! L%h&m];kZLluwn+L (12)
Now, inserting (12) we have
2
1 [7” vnﬂ] L+ [’y(nﬂ)} v Vi)
n+1 k) =~ k) | T n (k) —
Vint1) " Tin+1)

2
L+ |:’7(nn+1)i|
1

’y(nn—I—l)

2
1+ [’Y?nﬂ)] - 1] Viky»

where the first two terms in the final product are independent of k.
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C Alternative Method

As an alternative to the selection procedures outlined in Section 3 and Ap-
pendix A, it is possible to focus on pedigree-proportion of total score Z(x) in
(2) rather than pedigree-specific scores in (1), i.e. to define the ordered score
sequence Z1y, Zary, . .., Z(nvy through the alternative ordering-relation

YanZan Z Ve Z 0 Z YW Z)-

Now, the alternative procedures are readily available by replacing scores
Z) with the products Z(k/).M This approach may be interpreted as incor-
porating a priori information on relative importance of pedigrees into the
analysis.

Y Note that [(1'),(2'),...,(N")] is a permutation of [(1),(2),. .., (NN)], which in itself is
yet another permutation of the standard increasing counting sequence [1,2,..., N].



