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Abstra
tWe dis
uss di�erent aspe
ts of un
onditional two-lo
us nonparametri
 linkage(NPL) analysis with spe
ial emphasis on gene-gene intera
tion. We interpretthis as identi
al-by-des
ent (IBD) sharing 
orrelation between two diseaselo
i both having marginal e�e
t. We relate this to the 
on
ept of two-lo
usNPL s
ore fun
tions, the possible importan
e of using a 
omposite ratherthan a simple null hypothesis and the 
orresponding 
al
ulation of statisti-
al power. Moreover, we de�ne several 
lasses of s
ore fun
tions and givemultiple suggestions on how to in
orporate a 
omposite null hypothesis intothe analysis. The least favourable two-lo
us IBD-distribution is dis
ussed,resulting in an upper bound of the two-lo
us p-value.Key words: NPL analysis, un
onditional two-lo
us linkage analysis,geneti
 disease models, IBD-sharing, gene-gene intera
tion, s
ore fun
tions,
omposite null hypothesis, least favourable distribution, Monte Carlosimulation, estimation of geneti
 parameters, power 
al
ulations.
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1 INTRODUCTION 41 Introdu
tionAims and S
ope One-lo
us nonparametri
 analysis for assesing geneti
 in-�uen
e from a single gene on the development of a disease is well understood.The most 
ommon approa
hes are test methods based on the nonparametri
linkage (NPL) s
ore or the maximum lod s
ore (MLS). In this 
ontext non-parametri
 refers to the fa
t that they presuppose no geneti
 model for thedisease.In this arti
le we dis
uss di�erent approa
hes to un
onditional two-lo
uslinkage analysis based on allele-sharing methods through two-lo
us versionsof the NPL s
ore. We use this to look for a joint geneti
 e�e
t of two dif-ferent genes on the development of a disease. An important aspe
t of thiskind of analysis is the 
hoi
e of either in
luding or ex
luding, in the generalhypotheses or models, the possibility of gene-gene intera
tion with respe
tto the identi
al-by-des
ent (IBD) sharing probabilities. Here we 
onsider,for instan
e, the 
hoi
e of a two-lo
us s
ore fun
tion, the importan
e of al-lowing for gene-gene intera
tion, several two-lo
us null hypotheses and the
orresponding 
al
ulation of statisti
al power. We 
onsider both simple and
omposite null hypotheses and develop several methods for 
al
ulating sig-ni�
an
e levels and power.Throughout this arti
le we use pedigree sets 
onsisting of a�e
ted sib-pairs (ASP) and assume perfe
t marker information, i.e. that the a
tualIBD-sharing through the 
orresponding inheritan
e ve
tor, at ea
h lo
us, isknown with probability one.There are two di�erent ways to look for simultaneous e�e
ts from twounlinked lo
i: (i) The most 
ommon way is to do a 
onditional sear
h. Thismeans that one 
al
ulates the two-lo
us s
ore 
onditioning on �xed infor-mation from one or several assumed lo
i of disease genes. The 
onditioninglo
i are either �xed or estimated, depending on whether the genes are knownor not. In the latter 
ase the 
onditioning lo
i may bee 
hosen from thepeaks of a one-lo
us s
an. The IBD-information from these lo
i are usedas weights in the se
ond, 
onditional two-lo
us s
an. See for instan
e Coxet al. (1999) and Ängquist and Hössjer (2005b) for more details. (ii) These
ond alternative is to perform an un
onditional or simultaneous sear
h fortwo disease-
ausing lo
i. There are advantages and disadvantages of both ap-proa
hes. Simple implementations of 
onditional analysis may not in essen
ebe geared towards 
apturing general gene-gene intera
tions and, more impor-



1 INTRODUCTION 5tant, it may not be easy to �nd the right 
onditioning lo
i leading to a lossof information and possible failure to dete
t sus
eptibility lo
i. On the otherhand, the 
onditional approa
h normally in
ludes signi�
antly less multipletesting and is 
omputationally more feasible.The main aim of this paper is to 
ompare the strength (power) of di�erenttwo-lo
us testing methods, both under simple and 
omposite null hypotheses,and to formulate a test that gives an upper bound on the signi�
an
e levelfor the 
omposite alternative.Previous Work Dupuis et al. (1995) treat both 
onditional and simulta-neous sear
h of two unlinked disease-
ausing lo
i, in the latter 
ase using a
ombination of the overall lod s
ore pro
ess at the 
hromosomes. Restri
tingourselves to two 
hromosomes, C1 and C2, they essentially use the sum oftwo maximum lod s
ore pro
esses Z(·) as
max

x1

Z(x1) + max
x2

Z(x2) with x1 ∈ C1 , x2 ∈ C2.This is a measure using the total lod s
ore on ea
h 
hromosome, and thereforedoes not (a priori) 
apture the individual familial joint geneti
 e�e
t. Asimilar approa
h was used in Strau
h et al. (2000) where they suggestedtwo-lo
us versions of the NPL s
ore fun
tions Spairs and Sall (Whittemore andHalpern, 1994) as sums of the one-lo
us 
ounterparts and implemented theseinto GENEHUNTER-TWOLOCUS. Re
ently, 
onditional and simultaneoussear
h for quantitative traits and model sele
tion are treated by Tang andSiegmund (2002) and Siegmund (2004) respe
tively.Extensions of the MLS method are des
ribed by Farrall (1997) and in thetwo-lo
us 
ase by Cordell et al. (2000). Zinn-Justin and Abel (1998) 
onsiderversions of the two-lo
us Weighted Pairwise Correlation (WPC) statisti
,Lu
ek et al. (1998) des
ribe a multilo
us approa
h based on neural networksand Doerge and Chur
hill (1996) outline a permutation test in the multilo
usquantitative trait linkage (QTL) setting.Cox et al. (1999) perform 
onditional NPL analysis using, in prin
iple,the two-lo
us pedigree-spe
i�
 NPL s
ore
Z(x1, x2) = Z(x1)f

(

Z(x2)
) with x1 ∈ C1 , x2 ∈ C2,where the argument of f depends on the one-lo
us NPL s
ore at the �xed 
on-ditioning lo
us x2 and it produ
es pedigree weights for 
omputing the total



1 INTRODUCTION 6NPL s
ore when s
anning through C1. An alternative 
onditional approa
his de�ned by Chiu and Liang (2004).Conne
ted, for instan
e, to the 
hoi
e of an appropriate s
ore fun
tion isthe de�nition of the 
ru
ial 
on
epts intera
tion, epistasis and heterogeneity.We adopt the interpretation of Cox et al. (1999) and Holmans (2002) whereepistasis and heterogeneity are viewed as gene-gene intera
tions with posi-tively and negatively 
orrelated IBD-sharing probabilities. Re
ently, Vielandand Huang (2003) argued for a 
ontrasting de�nition through penetran
es.This was motivated by insisting on 
ertain biologi
al de�nitions. Later on, inthe same journal volume, two replies of general disagreement with this view
ontaining interesting 
omments and 
ritique (Farrall, 2003; Cordell, 2003)were published. Holmans (2002) ta
kled gene-gene intera
tion through a lo-gisti
 regression method and related arti
les dire
ted towards varian
e 
om-ponents in QTL analysis are e.g. Tiwari and Elston (1998), Pur
ell and Sham(2004) and Culverhouse et al. (2004).Disease models for the two- or multilo
us 
ases are dis
ussed by Ris
h(1990), Ma
Lean et al. (1993), Knapp et al. (1994), Tiwari and Elston(1998) and Kämpe (2001). A 
omplete enumeration of distin
t disease modelsis given in Li and Rei
h (2000). They redu
e the number of models by usingpermutations based on inherent data symmetry. Constraints for valid two-lo
us IBD-sharing probabilities are derived by Dudoit and Speed (1998) andBengtsson (2001).Several areas within nonparametri
 linkage analysis in general are dis-
ussed by Kruglyak and Lander (1995), Kruglyak et al. (1996), Kong andCox (1997) and Teng and Siegmund (1998). The performan
e of di�erents
ore fun
tions, mainly in the one-lo
us 
ase, is investigated by Whittemoreand Halpern (1994), Davis and Weeks (1997), M
Peek (1999), Feingold et al.(2000), Sengul et al. (2001) and Hössjer (2005a).Finally, interesting re
ent review papers on two- or multilo
us modelsare Hoh and Ott (2003) and Strau
h et al. (2003) and textbooks on linkageanalysis in general are Sham (1998) and Ott (1999), whereas a shorter reviewis given by Ott and Hoh (2000).Outline of Arti
le In Se
tion 2 we dis
uss di�erent one- and two-lo
usgeneti
 models and in Se
tion 3 the relevant hypotheses (null and alterna-tive) for testing two-lo
us geneti
 e�e
ts. Conne
ted to this problem is the
hoi
e of a proper s
ore fun
tion and in Se
tion 4 we introdu
e general 
lasses



2 GENETIC DISEASE MODELS 7of regular and restri
ted two-lo
us s
ore fun
tions and give some examples.Next, in Se
tion 5 we dis
uss the least favourable two-lo
us distributionwhen 
al
ulating theoreti
al p-values for an arbitrary regular s
ore fun
tion.We derive both lo
al (pointwise) and global (genome-wide) results. More-over, some Monte Carlo simulation methods and approa
hes to signi�
an
e
al
ulations are dis
ussed. Se
tion 6 is devoted to power 
al
ulations using�rst the simple null hypothesis and then 
omposite ones. This is made forseveral s
ore fun
tions and geneti
 models. We assume 
onstant marginal(one-lo
us) IBD-sharing probabilities at the two assumed disease lo
i, butuse di�erent strength of the IBD-sharing 
orrelation. Further dis
ussion and
on
lusions are presented in Se
tion 7 and the appendi
es 
ontain some re-sults on allele-sharing probabilities, a proof related to the least favourabledistribution, tables with the 
omplete results from the power and signi�
an
e
al
ulations and some notes on the 
hoi
e of a restri
ted s
ore fun
tion.2 Geneti
 Disease ModelsIBD-Sharing The 
on
ept of sharing alleles IBD is of 
entral importan
eto the remainder of this arti
le. For an underlying pair of individuals, it isde�ned as the property of inheriting 
opies of the same founder alleles (see e.g.Sham, 1998; Ott, 1999; Stra
han and Read, 2003). Sin
e genotypes 
onsistsof two alleles, it is formally possible to, with probabilities depending on thespe
i�
 pair of relatives, share 0,1 or 2 alleles IBD. At lo
us x, we de�ne theseevents to be the possible out
omes of the 
orresponding sto
hasti
 variable
IBD(x).Assumptions Throughout, we assume binary phenotypes, bialleli
 diseaselo
i, no parental imprinting, no interferen
e and random inheritan
e. Con-sider Table 1 for some basi
 notation.2.1 One-Lo
us ModelLet zi(x) = P (IBD(x) = i|ASP ) (i=0,1 or 2) be the probability that ana�e
ted sib-pair shares i alleles IBD at lo
us x. If l is the disease lo
us, wemay express this identity using the following expansion based on 
onditional



2 GENETIC DISEASE MODELS 8Table 1: Basi
 notation.Notation Meaning
D disease allele
d nondisease allele
p frequen
y of D

q=1-p frequen
y of d

PG parental genotype
SG sib-pair genotype

ASP a�e
ted sib-pair
IBD identi
al-by-des
ent
fi, penetran
es i.e.

i=0,1 or 2 P (disease|i Ds)probabilities,
zi(l) =

∑

PG

∑

SG P (IBD(l) = i|PG, SG)P (ASP |SG)P (SG|PG)P (PG)
∑

PG

∑

SG P (ASP |SG)P (SG|PG)P (PG)
.(1)More information on (1) is given in Appendix A. From now on, for ease ofnotation, we assume that the 
al
ulations are performed at a disease lo
us,i.e. zi = zi(l). Further, we de�ne the event of no geneti
 
omponent asrandom inheritan
e given a�e
tion status, i.e. 
orresponding to IBD-sharingprobabilities z = (z0, z1, z2) = (1/4, 1/2, 1/4) at the (false) disease lo
us.One-lo
us IBD-probability 
onstraints are de�ned by Holmans (1993).Note 1 The rightmost term in the numerator of (1) depends on the diseaseallele frequen
y p, the se
ond term is a fun
tion of the penetran
es fi andthe remaining ones follows through 
ombinatorial arguments given the jointstru
ture of the genotypes of the parents and the sib-pair.Next, we will 
al
ulate the probabilities in (1) for two distin
t fully pen-etrant one-lo
us disease models: the re
essive and the dominant model. Let

f = (f0, f1, f2) be the penetran
e ve
tor.Example 1 (The Re
essive Model) We have f = (0, 0, 1), i.e. two 
opies ofthe disease allele D (homozygosity) will 
ause the disease. The IBD-sharingprobabilities with respe
t to di�erent 
hoi
es of the disease-allele frequen
yare displayed in Table 2.



2 GENETIC DISEASE MODELS 9Table 2: IBD-probabilities given an ASP for the re
essive model.
p z0 z1 z20.01 0.0001 0.0196 0.98030.10 0.0083 0.1653 0.82640.25 0.0400 0.3200 0.64000.50 0.1111 0.4444 0.44440.75 0.1837 0.4898 0.32651.00 0.2500 0.5000 0.2500Example 2 (The Dominant Model) We have f = (0, 1, 1), i.e. at least one
opy of the disease allele D will 
ause the disease. The IBD-sharing prob-abilities with respe
t to di�erent 
hoi
es of the disease-allele frequen
y aredisplayed in Table 3.Table 3: IBD-probabilities given an ASP for the dominant model.
p z0 z1 z20.01 0.0098 0.4988 0.49140.10 0.0813 0.4909 0.42780.25 0.1565 0.4856 0.35780.50 0.2195 0.4878 0.29270.75 0.2443 0.4951 0.26061.00 0.2500 0.5000 0.2500

Note 2 The maximal probability for sharing two alleles IBD is 1 in the re
es-sive and 0.5 in the dominant 
ase. This means that the ASP is more informa-tive for rare re
essive than for rare dominant diseases, see e.g. Hössjer (2005b).2.2 Two-Lo
us ModelIn the two-lo
us 
ase, let
zij(x1, x2) = P (IBD(x1, x2) = (i, j)|ASP ) i, j ∈ {0, 1, 2}



2 GENETIC DISEASE MODELS 10be the probability that an a�e
ted sib-pair shares i and j alleles IBD at lo
us
x1 and x2 respe
tively. We only 
onsider probabilities at disease lo
i l1 and
l2, i.e. zij = zij(l1, l2).The two-lo
us analogue of expansion (1) for 
al
ulation of IBD-sharingprobabilities is
zij =

∑

PG

∑

SG P (IBD = (i, j)|PG, SG)P (ASP |SG)P (SG|PG)P (PG)
∑

PG

∑

SG P (ASP |SG)P (SG|PG)P (PG)
,(2)where the involved lo
i are assumed to be lo
ated on distin
t 
hromosomes,

PG = (PG1, PG2) and SG = (SG1, SG2) are the joint parental and sib-pairgenotypes with respe
t to lo
i l1 and l2. For dis
ussions on two-lo
us IBD-probability 
onstraints, see Cordell et al. (1995), Dudoit and Speed (1998)and Bengtsson (2001).Note 3 The rightmost term in the numerator of (2) depends on the dis-ease allele frequen
ies p1 and p2, the se
ond term is related to the two-lo
uspenetran
es
f =





f00 f01 f02

f10 f11 f12

f20 f21 f22



 , (3)where fij refers to the probability of being a�e
ted given that the genotypes
G1 and G2 at lo
i l1 and l2 
ontain i and j 
opies of the disease alleles D1and D2.As for the one-lo
us 
ase, we will now give two examples of 
al
ulation ofthe IBD-sharing probabilities 
orresponding to (2). For ease of presentation,we let p1 = p2.Example 3 (The Re
essive-Re
essive Model) We have

f =





0 0 0

0 0 0

0 0 1



 ,i.e. joint homozygosity with respe
t to the disease alleles D1 and D2, at the�rst and se
ond disease lo
us respe
tively, will 
ause the disease. The IBD-sharing probabilities found when varying the 
ommon disease-allele frequen
yare displayed in Table 4.



2 GENETIC DISEASE MODELS 11Table 4: IBD-probabilities given an ASP for the Re
essive-Re
essive model.
zij p1=p2 j=0 j=1 j=2 p1=p2 j=0 j=1 j=2
i=0 0.01 0.0000 0.0000 0.0004 0.50 0.0123 0.0494 0.0494
i=1 0.0000 0.0001 0.0192 0.0494 0.1975 0.1975
i=2 0.0004 0.0192 0.9610 0.0494 0.1975 0.1975
i=0 0.10 0.0001 0.0014 0.0068 0.75 0.0337 0.0900 0.0600
i=1 0.0014 0.0273 0.1366 0.0900 0.2399 0.1599
i=2 0.0068 0.1366 0.6830 0.0600 0.1599 0.1066
i=0 0.25 0.0016 0.0128 0.0256 1.00 0.0625 0.1250 0.0625
i=1 0.0128 0.1024 0.2048 0.1250 0.2500 0.1250
i=2 0.0256 0.2048 0.4096 0.0625 0.1250 0.0625Example 4 (The Dominant-Dominant Model) We have

f =





0 0 0

0 1 1

0 1 1



 ,i.e. at least one 
opy (jointly) of the disease alleles D1 and D2, at the �rstand se
ond disease lo
us respe
tively, will 
ause the disease. The IBD-sharingprobabilities found when varying the 
ommon disease-allele frequen
y are dis-played in Table 5Note 4 The maximal probability for simultaneously sharing two alleles IBDat both disease lo
i is 12 = 1 in the re
essive-re
essive 
ase and 0.52 = 0.25in the dominant-dominant 
ase.Next, we de�ne the marginal (one-lo
us) IBD-sharing probabilities in thistwo-lo
us setting as
z1 = (z1

0 , z
1
1 , z

1
2) with z1

i =
∑

j

zij ,

z2 = (z2
0 , z

2
1 , z

2
2) with z2

j =
∑

i

zij ,
(4)
orresponding to the row and 
olumn totals in the 3x3 two-lo
us IBD-sharingmatrix {zij} respe
tively. Now, the general de�nition of gene-gene intera
tionof IBD-sharing is given by:



3 HYPOTHESES FOR STATISTICAL TESTS 12Table 5: IBD-probabilities given an ASP for the Dominant-Dominant model.
zij p1=p2 j=0 j=1 j=2 p1=p2 j=0 j=1 j=2
i=0 0.01 0.0001 0.0049 0.0048 0.50 0.0482 0.1071 0.0642
i=1 0.0049 0.2488 0.2451 0.1071 0.2380 0.1428
i=2 0.0048 0.2451 0.2415 0.0642 0.1428 0.0857
i=0 0.10 0.0066 0.0399 0.0348 0.75 0.0597 0.1210 0.0637
i=1 0.0399 0.2410 0.2100 0.1210 0.2451 0.1290
i=2 0.0348 0.2100 0.1830 0.0637 0.1290 0.0679
i=0 0.25 0.0245 0.0760 0.0560 1.00 0.0625 0.1250 0.0625
i=1 0.0760 0.2358 0.1738 0.1250 0.2500 0.1250
i=2 0.0560 0.1738 0.1280 0.0625 0.1250 0.0625De�nition 1 IBD-sharing 
orrelation or gene-gene IBD-sharing inter-a
tion is present when, for at least one pair (i,j),

zij 6= z1
i z

2
j , 0 ≤ i, j ≤ 2, (5)where z1 and z2 
orresponds to the marginal sharing de�ned in (4).Note 5 For ASPs and multipli
ative two-lo
us penetran
e models, i.e. where

fij = f 1
i f 2

j , one may prove that zij = z1
i z

2
j . Here f 1 and f 2 refer to marginalpenetran
es and z1

i and z2
j are the 
orresponding one-lo
us probabilities (1).3 Hypotheses for Statisti
al TestsCru
ial for the possibility of performing statisti
al tests is the de�nition ofproper testing hypotheses, i.e. the null hypothesis (H0) and the alternativehypothesis (H1).3.1 One-Lo
us HypothesesThe standard one-lo
us hypotheses are 
ommonly de�ned as
H0 : z = (0.25, 0.5, 0.25),

H1 : z 6= (0.25, 0.5, 0.25),
(6)



3 HYPOTHESES FOR STATISTICAL TESTS 13where we still impli
itly assume that z = z(l) for disease lo
us l.Note 6 An equivalent way of formulating this is in terms of penetran
es. Ageneti
 e�e
t of the studied disease is present if f0 = f1 = f2 does not hold.3.2 Two-Lo
us HypothesesAssume we have two di�erent 
hromosomes C1 and C2, on whi
h we suspe
tthere are lo
i l1 and l2, that jointly a�e
t the disease of study. Let z = {zij}be the two-lo
us IBD-sharing of interest. We would like to stress that norestri
tion is put on how the two genes intera
t. Furthermore we are mainlyinterested in joint e�e
ts, i.e. not in �nding out whether one of the lo
i hasan e�e
t on its own. This 
orresponds to the following general hypotheses
H0 : At most one of the lo
i l1 and l2 have an e�e
t,
H1 : Both lo
i l1 and l2 have an e�e
t,where the null and alternative hypothesis mean no and present joint geneti
e�e
t respe
tively.Let Z denote the set of possible two-lo
us IBD-probabilities in (2), as de-rived by Bengtsson (2001). Below we will de�ne the two-lo
us null hypothesesas a given subset Z0 of Z. By varying Z0 we in
orporate both simple and
omposite null hypotheses. Assuming no a priori information about the lo-
ation of l1 and l2, we require Z0 to be symmetri
, i.e. z = zij ∈ Z0 impliesthat z′ = zji ∈ Z0.3.2.1 Simple Null HypothesesThe simple null hypothesis assuming absen
e of both marginal geneti
 e�e
tsand gene-gene intera
tion is
H

(1)
0 : Z0 = {z = (0.25, 0.5, 0.25)T ∗ (0.25, 0.5, 0.25)} (7)and the 
orresponding alternative hypothesis may be interpreted as

H
(1)
1 : At least one disease lo
i OR gene-gene intera
tion.3.2.2 Composite Null HypothesesUsing a 
omposite null hypothesis we narrow the region of the alternativehypothesis by allowing for the presen
e of either or both of the following



4 SCORE FUNCTIONS 14properties in the null hypothesis: (i) One disease lo
us. (ii) Gene-gene inter-a
tion. Three distin
t options are given:
H

(2)
0 : Z0 = {z ; z1 = z2 = (0.25, 0.5, 0.25)}, (8)where z1 and z2 are the marginal sharing ve
tors de�ned in (4),

H
(3)
0 : Z0 =

{

(z1)T∗(0.25, 0.5, 0.25), z1 ∈ A
}

∪
{

(0.25, 0.5, 0.25)T∗z2, z2 ∈ A
}

,(9)where A is a given subset of one-lo
us IBD-probabilities and
H

(4)
0 : Z0 = {z ; z1 = (0.25, 0.5, 0.25) or z2 = (0.25, 0.5, 0.25)}. (10)The alternative hypotheses 
orresponding to H

(2)
0 - H

(4)
0 may be interpretedas

H
(2)
1 : At least one disease lo
i,

H
(3)
1 : Two disease lo
i OR gene-gene intera
tion,

H
(4)
1 : Two disease lo
i.Note 7 We 
an a
tually narrow the de�nition of joint e�e
t even further ifrestri
ting H

(4)
1 by demanding presen
e of gene-gene intera
tion, i.e.
H

(5)
1 : Two disease lo
i and gene-gene intera
tion.In this work we will mainly 
onsider null hypotheses (7), (9) and (10).4 S
ore Fun
tions4.1 One-Lo
us Fun
tionsA s
ore fun
tion S : {0, 1, 2} → R is a fun
tion that given a 
ertain IBD-sharing gives the 
orresponding pedigree (ASP) a numeri
 s
ore (weight). Apedigree-spe
i�
 NPL s
ore Z is s
ore fun
tion applied to a spe
i�
 lo
usor spe
i�
 lo
i. The pedigree set analogue 
ombines the n distin
t pedigrees
ores available and will hen
eforth simply be referred to as the NPL s
ore.Let us start with the ith sib-pair and de�ne IBDi(x) to be the number ofalleles they share IBD at lo
us x. Now, their pedigree-spe
i�
 NPL s
ore at



4 SCORE FUNCTIONS 15this lo
us is denoted by Zi(x) = S
(

IBDi(x)
). The standardized (pedigreeset) NPL s
ore is then given by

Z(x) =
1√
n

n
∑

i=1

Zi(x) − µ(x)

σ(x)
, (11)where µ(x) = E

(

Zi(x)
) and σ2(x) = V

(

Zi(x)
), the expe
ted value andvarian
e under the null hypothesis.To test for in
reased IBD-sharing among M 
hromosomes C1, ..., CM onemay de�ne the maximum NPL statisti
 with respe
t to the genome s
anningregion Ω = ∪M

i=1Ci as Zmax = maxx∈Ω Z(x).Let θ = (z, l) denote the geneti
 model parameters, with z = (z0, z1, z2) asthe IBD-sharing probabilities at disease lo
us l. Given a threshold T , de�nethe global power fun
tion
β(T ; θ) = P (Zmax ≥ T |θ), (12)and let α(T ; θ) = α(T ) be the global signi�
an
e level. This is the 
onstantvalue of β(T ; θ) when θ ∈ H0. The global p-value is α(zmax), where zmax is theobserved value of Zmax. The lo
al power fun
tion βlo
al(T ; θ) and signi�
an
elevel αlo
al(T ) are de�ned analogously by repla
ing Zmax by Z(l) and thenputting θ = z, sin
e the position of disease lo
us does a�e
t neither thepointwise signi�
an
e level nor the pointwise power.4.2 Two-Lo
us Fun
tionsExtending the 
on
ept of s
ore fun
tions to the two-lo
us 
ase is straight-forward. S(i, j) simply equals the numeri
 s
ore 
onne
ted to jointly shar-ing i and j alleles IBD. The formulation of the pedigree-spe
i�
 NPL s
ore

Zi(x1, x2) = S
(

IBDi(x1), IBDi(x2)
) for the ith ASP at lo
i x1 and x2 nowleads to the standardized (pedigree set) NPL s
ore given by

Z(x1, x2) =
1√
n

n
∑

i=1

Zi(x1, x2) − µ(x1, x2)

σ(x1, x2)
, (13)where Zi(xi, x2), µ(x1, x2) and σ2(x1, x2) are the two-lo
us analogues, withrespe
t to the lo
i x1 and x2, of the pedigree-spe
i�
 NPL s
ore, expe
tedvalue and varian
e under the null hypothesis.



4 SCORE FUNCTIONS 16Moreover, the maximum NPL statisti
 for unlinked lo
i (i.e. lo
ated ondistin
t 
hromosomes) over Ω is generalized to
Zmax = max

x1,x2∈Ω
Z(x1, x2), C(x1) 6= C(x2), (14)where C(x) is the 
hromosome where x is lo
ated. This leads to two-lo
usequivalents of the global power (12) and signi�
an
e level, with θ = (z, l),

z = (zij)
2
i,j=0 as de�ned in Se
tion 2.2 and l = (l1, l2) 
onsisting of the twodisease lo
i. The lo
al power and signi�
an
e level are de�ned analogously,repla
ing Zmax by Z(l1, l2) everywhere, and with θ = z.Note 8 The global and lo
al signi�
an
e levels α(T ; θ) and αlo
al(T ; θ) ingeneral vary with θ ∈ H0 when the null hypothesis is 
omposite.Note 9 For the two-lo
us 
ase, we denote the s
ore (weight) matrix by

S =





S(0, 0) S(0, 1) S(0, 2)

S(1, 0) S(1, 1) S(1, 2)

S(2, 0) S(2, 1) S(2, 2)



 . (15)Note 10 (i) Under a simple null hypothesis and perfe
t marker information
µ(x1, x2) o
h σ2(x1, x2) will not depend on the 
hromosomal positions x1 and
x2. (ii) In general, for a 
omposite null hypothesis, µ(x1, x2) and σ(x1, x2)will depend on θ ∈ H0, see Se
tions 5.2 and 6 for further details.4.3 De�nitionsA natural restri
tion on a s
ore fun
tion S for testing H0 against H1 is thatit is monotone with respe
t to partial IBD-ordering.De�nition 2 A s
ore fun
tion su
h that

S(i) ≤ S(j); i ≤ j,

S(i, j) ≤ S(k, l); i ≤ k, j ≤ l,
(16)in the one-lo
us and two-lo
us 
ase respe
tively, is 
alled a regular s
orefun
tion.Our next de�nition 
on
erns the two-lo
us weights given in (15).De�nition 3 A s
ore fun
tion is 
alled restri
ted if the weights in S onlyattain values 0 or 1, otherwise it is unrestri
ted. If S(i, j) = 1 then the

(i, j)th element is in
luded in the sele
tion of positive weights.



5 METHODS FOR COMPOSITE NULL HYPOTHESES 174.4 ExamplesA 
ommonly used unrestri
ted one-lo
us s
ore fun
tion is
S(i) = i, (17)whi
h is known as the mean sharing s
ore fun
tion. Several known s
orefun
tions, su
h as Spairs and Sall (Whittemore and Halpern, 1994) redu
eto (17) for ASPs. Next, we formulate four di�erent versions of two-lo
usunrestri
ted s
ore fun
tions,

S1(i, j) = S(i) + S(j) (additive),
S2(i, j) = S(i) S(j) (multipli
ative),
S3(i, j) = S(i)2 S(j)2 (quadrati
 multipli
ative),
S4(i, j) = min

(

S(i), S(j)
) (minimum),where (i, j) refers to joint IBD-sharing. All four examples are de�ned asfun
tions of the 
orresponding pair of one-lo
us s
ores.When S is the mean sharing s
ore fun
tion, S1-S4 are as in (18). Inaddition, four restri
ted s
ore fun
tions S5-S8 are introdu
ed in (18).

S1 =
( 0 1 2

1 2 3
2 3 4

)

, S2 =
( 0 0 0

0 1 2
0 2 4

)

, S3 =
( 0 0 0

0 1 4
0 4 16

)

, S4 =
( 0 0 0

0 1 1
0 1 2

)

,

S5 =
( 0 0 0

0 0 0
0 0 1

)

, S6 =
( 0 0 0

0 1 0
0 0 1

)

, S7 =
( 0 0 1

0 0 1
1 1 1

)

, S8 =
( 0 0 0

0 1 1
0 1 1

)

.
(18)5 Methods for Composite Null HypothesesBy the Central Limit Theorem, all s
ore fun
tions (11) and (13) have stan-dard normal distributions asymptoti
ally as n → ∞ under a simple null hy-pothesis. However, di�erent s
ore fun
tions will give rise to di�erent powerfun
tions under the alternative hypothesis, implying that they will di�er intheir power to dete
t devian
es from the null hypothesis.An extra di�
ulty o

urs when the two-lo
us null hypothesis is 
omposite.Then, with respe
t to a given s
ore threshold, the signi�
an
e level dependson the a
tual instan
e of the hypothesis. There are several ways to dealwith this: (i) Repla
e the 
omposite null hypothesis with the simple null hy-pothesis H

(1)
0 . However, by shrinking the null hypothesis we also weaken themeaning of reje
ting the test. Even though the power fun
tion is in
reased,



5 METHODS FOR COMPOSITE NULL HYPOTHESES 18its interpretation 
hanges. (ii) Repla
e the 
omposite null hypothesis withits least favourable instan
e. We will then overestimate the p-values, i.e.perform 
onservative 
al
ulations sin
e the p-value for the least favourableinstan
e is at least as large as for any other element of the given hypothesis.(iii) A form of proje
tion testing, obtained by �rst estimating parametersfrom data and then 
hoosing the instan
e of the 
omposite null hypothesis
orresponding to these parameters.5.1 Least Favourable DistributionThe most 
onservative test is obtained by maximizing the p-value over thenull hypothesis, or equivalently by repla
ing H0 with the least favourabledistribution in H0. Thus, the signi�
an
e level for the lo
al test for the leastfavourable distribution in H0 is
ᾱlo
al(T ) = max

z∈H0

αlo
al(T ; z) = max
z∈H0

P (Z(x1, x2) ≥ T |z), (19)where x1 and x2 is any pair of lo
i on di�erent 
hromosomes. The global testanalogue is
ᾱ(T ) = max

θ∈H0

α(T ; θ) (20)Now, we present a theorem whose proof is given in Appendix B.Theorem 1 Consider the 
omposite two-lo
us null hypothesis (10). Assume
Ω = C1 ∪ C2, perfe
t marker data and that S is a symmetri
 and regu-lar s
ore fun
tion Then there are two least favourable distributions za =

(0, 0, 1)T ∗ (0.25, 0.5, 0.25) and zb = (0.25, 0.5, 0.25)T ∗ (0, 0, 1) for the point-wise signi�
an
e level, i.e. ᾱlo
al(T ) = αlo
al(T ; za) = αlo
al(T ; zb). This givesrise to the standardization
µ =

1

4

(

S(0, 2) + 2S(1, 2) + S(2, 2)
)

,

σ2 =
1

4

(

S(0, 2)2 + 2S(1, 2)2 + S(2, 2)2
)

− µ2of S and (total) NPL s
ore
Z(x1, x2) =

1√
n

n
∑

i=1

S
(

IBDi(x1), IBDi(x2)
)

− µ

σ
.



5 METHODS FOR COMPOSITE NULL HYPOTHESES 19with xi ∈ Ci, i = 1, 2. Moreover, the asymptoti
 lo
al signi�
an
e level ofthe least favourable distribution satis�es
lim

n→∞
ᾱlo
al(T ) = 1 − Φ(T ), (21)where Φ is the standard normal 
umulative distribution fun
tion.Let |Ci| be the length of Ci. Then, for the global p-value, za is leastfavourable if |C1| < |C2|, zb is least favourable if |C1| > |C2| and both dis-tributions are least favourable if |C1| = |C2|. The global signi�
an
e levelsatis�es

ᾱ(T ) =

{

α(T ; za, l), if |C1| ≤ |C2|
α(T ; zb, l), if |C1| ≥ |C2|

(22)where l = (l1, l2) and li ∈ Ci, i = 1, 2. Asymptoti
ally
lim

n→∞
ᾱ(T ) = P

(

max
0≤x≤max(|C1|,|C2|)

U(x) ≥ T
) (23)where {U(x)} is a mixture of Ornstein-Uhlenbe
k pro
esses, as shown in Ap-pendix B.Note 11 The term P (maxx U(x) ≥ T ) 
an be approximated using extremevalue theory of Gaussian pro
esses, see Feingold et al. (1993), Lander andKruglyak (1995), Tang and Siegmund (2001), Hössjer (2003b) and Ängquistand Hössjer (2005a). These formulas involve the 
rossover rate ρ = −r′U (0)/2,where rU(t) = Cov

(

U(x), U(x+ t)
) is the 
ovarian
e fun
tion. See AppendixB for details.The reasoning in the proof shows that a similar result is possible to obtainalso for larger sibships, if one limits oneself to studying pairwise IBD-
ounts.Note 12 Theorem 1 
an be generalized to M > 2 
hromosomes. Then theleast favourable distribution θ = (z, l1, l2) of the global signi�
an
e level isde�ned as follows: Let Cmin be the shortest 
hromosome, assume l1 ∈ Cminand put z = (0, 0, 1)T ∗ (0.25, 0.5, 0.25).Note 13 Theorem 1 and its generalization in Note 12 
an be formulatedfor the more restri
tive null hypothesis (9), provided (0, 0, 1) ∈ A (sin
ethen za and zb belong to H0). When (0, 0, 1) /∈ A in (9), we 
an still�nd least favourable distributions zc = (z1)T ∗ (0.25, 0.5, 0.25) and zd =

(0.25, 0.5, 0.25)T ∗ z2 by maximizing ∑

ij S(i, j)zij with respe
t to z1 or z2 for



5 METHODS FOR COMPOSITE NULL HYPOTHESES 20any given symmetri
 and regular s
ore fun
tion S, provided the maximum,attained at z1 = z2, is unique. However, we no longer have the the asymp-toti
 
harat
erization (23) of ᾱ(T ), but essentially have to estimate it usingsimulation. Moreover, the positioning of l1 ∈ Cmin is no longer arbitrary, butrather l1 is pla
ed in the middle of Cmin.5.2 Signi�
an
e Cal
ulations Through SimulationThroughout, for a given s
ore threshold T we denote the unknown p-valuewith α(T ) and the estimated 
ounterpart with
α̂(T ; θ) =

1

J

J
∑

j=1

I(Zj
max ≥ T ), (24)where J is the number of independent and identi
ally distributed simulationsunder θ ∈ H0, Zj

max refers to the maximum of the NPL s
ore Zj(·) in the one-lo
us 
ase and of Zj(·, ·) in the two-lo
us 
ase during the jth simulation and
I(A) is the indi
ator fun
tion for the event A. Similarly the lo
al signi�
an
elevel is estimated as α̂lo
al(T ; θ), repla
ing Zj

max by Zj(l) or Zj(l1, l2) in (24).For further reading on Monte Carlo simulation in linkage analysis see e.g.Boehnke (1986), Ott (1989), Terwilliger et al. (1993), Song et al. (2004)and Ängquist and Hössjer (2004).5.2.1 Least Favourable Distribution MethodAssume a null hypothesis (10) or (9) with the 
onditions of Note 13 satis-�ed. The least favourable distribution is de�ned for a general number M of
hromosomes in Note 12. It has the form θ = (z, l1, l2), with l1 ∈ Cmin. Inorder to estimate the global signi�
an
e level for this θ, we 
an use (24) byrequiring IBDj(l1) = 2 and that {IBDj(x)} is distributed as a one-lo
uspro
ess under H0 when x /∈ Cmin for j = 1, . . . , J . Then α̂(T ; θ) is a MonteCarlo estimate of ᾱ(T ). This is evident from (22) when the number of 
hro-mosomes M = 2 and follows similarly for general M . The reasoning forthe lo
al signi�
an
e level is analogous. We require IBDj(l1) = 2 and that
IBDj(l2) is distributed as under H0.
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us IBD-Sharing MethodFor null hypothesis (9), we estimate the global signi�
an
e as α̂(T ) = α̂(T ; θ̂),where α̂(T ; ·) is the Monte Carlo estimated signi�
an
e level in (24) and
θ̂ =

(

(ẑ0, ẑ1, ẑ2)
T ∗ (0.25, 0.5, 0.25), (l̂1, l2)

)

= (ẑ, l̂) (25)is the estimated geneti
 model from data. It 
onsists of the estimated diseaselo
us l̂1, de�ned as the maximizer of the one-lo
us NPL s
ore,
l̂1 = arg max

x∈Ω
Z(x), (26)and the estimated IBD-proportions ẑj = |{i; IBDi(l̂1) = j}|/n at l̂1. In 
ase

ẑ = (ẑ0, ẑ1, ẑ2) /∈ A, we proje
t ẑ onto A, i.e. we 
hoose as our estimated one-lo
us IBD-probabilities the element of A 
losest to ẑ in Eu
lidean distan
e.Lo
al signi�
an
e levels are estimated analogously as α̂lo
al(T ) = α̂lo
al(T, θ̂).The performan
e of this estimator depends on the a

ura
y of the esti-mate θ̂ as well as the α-fun
tion itself, with respe
t to its parameters. Oneattra
tive feature is that it is often 
onservative, rather than anti
onserva-tive. This follows sin
e ẑ is based on the inheritan
e at l̂1 instead of at theunknown position l1. Sin
e these positions might di�er, a

ording to random�u
tuation of the NPL pro
ess, the IBD-sharing is generally overestimated(Hössjer, 2003a). Using a regular s
ore fun
tion, keeping the other parame-ters �xed, this indi
ates 
onservative p-values. The level of 
onservativenessdepends on the di�eren
e between the real and estimated IBD-proportions,
z(l1) and ẑ(l̂1). Obviously this depends, for instan
e, on the length of thegenome region |Ω|, the position of l1 with respe
t to the 
hromosome C(l1)and the strength of the geneti
 e�e
t.Note 14 The least favourable distribution method 
orresponds to estimatingthe geneti
 e�e
t by ẑ = (0, 0, 1) independent of the a
tual data and, im-pli
itly, the position of the assumed diseased lo
us. Although being the most
onservative approa
h for this 
ase, it has the advantage of ex
luding the needfor IBD-sharing estimation.We 
lose this se
tion by noting that α(T ; θ̂) is a 
onsistent estimator of
α(T ; θ) when n → ∞.



6 POWER CALCULATIONS 226 Power Cal
ulationsOne way to 
ompare the performan
e of di�erent s
ore fun
tions in the senseof its ability to dete
t an a
tual (two-lo
us) disease is to 
ompute the power(12). We perform power 
al
ulations under both simple and 
omposite nullhypotheses using the s
ore fun
tions de�ned in (18). Our aim is to try toget some insight regarding the 
hoi
e of fun
tion and the e�e
t of a possiblegene-gene intera
tion.6.1 Simple Null HypothesisWe perform lo
al power 
al
ulations, i.e. l1 and l2 �xed, using the simple nullhypothesis (7). Expli
itly, this is given by the matrix
H0 : z =





0.0625 0.1250 0.0625

0.1250 0.2500 0.1250

0.0625 0.1250 0.0625



 , (27)
orresponding to no geneti
 
omponent and no gene-gene intera
tion withrespe
t to the disease and lo
i l1 and l2.To 
al
ulate the power, we assume the presen
e of two distin
t disease lo
iwith equally strong (one-lo
us) geneti
 e�e
ts,
H1 : z1 = z2 = (0.2, 0.4, 0.4), (28)and de�ne three di�erent versions of the alternative hypothesis

H1A : z =





0.04 0.08 0.08

0.08 0.16 0.16

0.08 0.16 0.16



 , (29)
H1B : z =





0.10 0.05 0.05

0.05 0.25 0.10

0.05 0.10 0.25



 , (30)
H1C : z =





0.20 0 0

0 0.40 0

0 0 0.40



 . (31)
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Figure 1: Lo
al power 
al
ulations for the eight s
ore fun
tions in (18) usingthe simple null hypothesis, alternative hypotheses (29)-(31) and number ofASPs n=25, 50 or 100 respe
tively. Signi�
an
e level α = 0.00001. Thenumber of simulations are J=500000 (thresholds) and J=50000 (power).Note: (i) The signi�
an
e levels are only approximate due to the dis
reteNPL s
ore distributions. (ii) The power is approximated by simulation forthe unrestri
ted s
ore fun
tions and exa
t for the restri
ted s
ore fun
tions.The latter approa
h is based on the assumption of binomially distributeddata, sin
e then the ASPs are grouped a

ording to their s
ore (0 or 1).



6 POWER CALCULATIONS 24All three hypothesis have marginal (one-lo
us) probabilities satisfying(28). The di�eren
e lies in the amount of IBD-sharing 
orrelation (gene-gene intera
tion). The hypotheses H1A, H1B and H1C 
orresponds to no,some and full intera
tion respe
tively. If (31) holds true, it is only possibleto jointly share exa
tly the same number of alleles IBD at both disease lo
i.6.1.1 ResultsWe 
al
ulate the power with respe
t to the number of ASPs n. The resultsare displayed in Figure 1 and a 
omplete numeri
al review is given in Table9-10 of Appendix C.For all s
ore fun
tions but S7, power in
reases with in
reasing gene-geneintera
tion of the alternative. S6 performs best for strong intera
tion (H1C),
S5 for moderatly strong intera
tion (H1B) and S7 for no intera
tion (H1A).One may note that there is a natural ordering S8 → S4 → S2 → S3 → S5with respe
t to s
ore fun
tion stru
ture, where S5 gives the highest and S8the lowest weight to full IBD-sharing at both lo
i. Of these s
ore fun
tions
S8 has the lowest and S5 the highest power under all three alternatives. Thepoor performan
e of S7 under H1B and H1C is explained by the probabilityof having a positive s
ore (0.55 for H1B and 0.40 for H1C) 
ompared to theprobability under the null hypothesis (0.4375).6.1.2 Dis
ussionOne problem is that the geneti
 disease model is not known in advan
e,making the 
hoi
e of s
ore fun
tion apriori di�
ult. Then trying to �nd arobust s
ore fun
tion that behaves a

eptable under a wide range of geneti
disease models is attra
tive.A possible approa
h is to use restri
ted s
ore fun
tions, either one robustor a few 
ontrasting ones to 
over the spa
e of disease models. Restri
teds
ore fun
tions are easily interpreted and have, given an appropriate 
hoi
e,good performan
e. The following de�nition gives a suggestion, whi
h oftenis 
lose to optimal.De�nition 4 The best possible 
hoi
e of restri
ted s
ore fun
tion in termsof statisti
al power is 
alled the best restri
ted s
ore fun
tion.One situation when this kind of approa
h might be useful is when the sear
hfor a single disease-
ausing lo
us has failed and standard two-lo
us anal-



6 POWER CALCULATIONS 25ysis assuming no gene-gene intera
tion gives negative answers. Assumingtwo jointly present disease lo
i, one sour
e of the pre
eding failures may bethe presen
e of IBD-sharing 
orrelation. Using appropriate restri
ted s
orefun
tions will then, in many 
ases, be helpful for dis
overing the disease lo
i.Note 15 For lo
al tests the s
ore fun
tion S(i, j)=log(zij1/zij0) is optimal,in the sense that it maximizes the power a

ording to Neyman-PearsonsLemma. Here we assume IBD-probabilities zij0 and zij1 
orresponding toa simple null hypothesis and a �xed alternative respe
tively.Given a restri
ted s
ore fun
tion S, we refer to all (i, j) with S(i, j) = 1as the set of in
luded 
ells. Note 15 suggests that the 
ells (i, j) shouldbe in
luded in de
reasing order of zij1/zij0. If n is large, the optimal setof in
luded 
ells 
an be found by normal approximation, as des
ribed inAppendix D.Example 5 Consider the standard null hypothesis in (27) and the alterna-tive hypothesis H1x based on two equally strong disease lo
i, z1=z2=(0.2, 0.5, 0.3),with varying strength of the gene-gene intera
tion,
H1x : z =





0.04 + x 0.10 − x 0.06

0.10 − x 0.25 + x 0.15

0.06 0.15 0.09



 , −0.04 ≤ x ≤ 0.10. (32)We perform lo
al power 
al
ulations sear
hing for the best restri
ted s
orefun
tion, i.e. the optimal sele
tion of positive weights, with respe
t to severalversions of (32) and the results are given in Table 6.Table 6: Lo
al power 
al
ulations using 100 ASPs, signi�
an
e level α = 0.01.
x In
luded 
ells: Best restri
ted Power0 {(2, 2), (1, 2), (2, 1)} 0.23550.01 {(2, 2), (1, 2), (2, 1)} 0.23550.02 {(2, 2), (1, 2), (2, 1), (1, 1)} 0.30180.05 {(2, 2), (1, 2), (2, 1), (1, 1)} 0.54540.10 {(2, 2), (1, 2), (2, 1), (1, 1)} 0.8935For x = 0 a sequential in
lusion of 
ells (2, 2), (1, 2) and (2, 1) su

essivelyin
reases the power to 23.55%. This sele
tion is optimal for x = 0.01 as



6 POWER CALCULATIONS 26well, even though z111 > z110, sin
e the in
rease is too low to positively a�e
tthe power (0.2331<0.2355). Not surprisingly, for x ≥ 0.02 the additionalin
lusion of (1, 1) leads to a further in
rease of statisti
al power. The greatest
onsistent value x = 0.10 then 
orresponds to a relatively strong power of89.35%.6.2 Composite Null Hypothesis6.2.1 Considering PowerContext Firstly, we perform global power 
al
ulations through simula-tions, using a genome Ω 
onsisting of three 
hromosomes (C1, C2 and C3)of equal length (|C|=|C1|=|C2|=|C3|=2 Morgans) and the 
omposite nullhypothesis (9) with
A = {(0.2, 0.4, 0.4), (0.25, 0.5, 0.25)}.Cal
ulations are made with respe
t to four di�erent s
ore fun
tions S1, S2, S5and S7 in (18), three distin
t signi�
an
e levels and, in analogy with Se
tion6.1, using the three alternative hypotheses (29)-(31) of varying IBD-sharing
orrelation.In order to easily 
ompute the NPL thresholds 
orresponding to the sig-ni�
an
e levels, we use three simplifying assumptions regarding the real andestimated geneti
 models, θ = (z, l1, l2) in Se
tion 5.2.1 and θ̂ = (ẑ, l̂1, l2)in Se
tion 5.2.2 respe
tively: (i) We 
onsider ẑ = z = (0.2, 0.4, 0.4)T ∗

(0.25, 0.5, 0.25) as known. (ii) We 
onsider l1 and l2 to be positioned in themiddle of the 
hromosomes C1 and C2 respe
tively (i.e. at lo
ation |C|/2).(iii) Given (ii), we 
onsider l̂1 = l1 as known.Moreover, we perform similar simulation analyses using the minor assump-tional adjustment: (ii)' We 
onsider l1 and l2 to be positioned at the samerandom lo
ation on C1 and C2 respe
tively (uniformly distributed over theinterval [

0, |C|
]; new generated 
ommon lo
ation for ea
h simulation). Thisleads to estimates of the expe
ted value of the power with respe
t to the
ommon disease lo
i position.Results The results are displayed in Figure 2-3 and a total numeri
al re-view is given in Table 11-12 of Appendix C. One may note that the 
al
ula-tions are performed only for the three stated alternatives but the results in
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Figure 2: Global power 
al
ulations for the s
ore fun
tions S1, S2, S5, S7using 3 
hromosomes of equal length 2 Morgans, a 
omposite null hypothesiswith one disease lo
us z1=(0.2,0.4,0.4), alternative hypotheses (29)-(31) andnumber of ASPs n=50. The signi�
an
e levels are α=0.001, 0.01 and 0.05respe
tively. The number of simulations is J=5000 (thresholds) and J=2500(power).
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Figure 3: Global 
al
ulations of the expe
ted value of the power with respe
tto the (random) disease lo
i positions. For further details 
f. the 
aption ofFigure 2.



6 POWER CALCULATIONS 29Figure 2-3 may be interpreted as linear interpolations with respe
t to the setof alternatives
H1x : z =





0.04 + 2x 0.08 − x 0.08 − x

0.08 − x 0.16 + 3x 0.16 − 2x

0.08 − x 0.16 − 2x 0.16 + 3x



 , 0 ≤ x ≤ 0.08. (33)Considering S1, S2 and S5, the power (as expe
ted) improves in the di-re
tion S1 → S2 → S5 and H1A → H1B → H1C , whereas the results for S7is poor and is de
reasing with in
reased IBD-
orrelation. This is 
onsistentwith the dis
ussion in Se
tion 6.1. Generally, the di�eren
es between theresults when using the assumptions (ii) and (ii)' respe
tively are small.6.2.2 Considering Signi�
an
e LevelsContext Se
ondly, for all s
ore fun
tions in (18) we use the estimated sig-ni�
an
e levels α0 under the simple null hypothesis (7) and 
ompare it withthe 
orresponding signi�
an
e levels α1 (9), using the same thresholds, un-der three distin
t 
omposite null hypotheses, see Figure 4. Here our genome
onsists of �ve 
hromosomes of equal length (|C|=2 Morgans) and the lo
a-tion of the disease lo
us l1 is assumed to be in the middle of C1. Similarsimplifying assumptions as in Se
tion 6.2.1 are used.Moreover, we perform additional simulations assuming l1 to be positionedat a random lo
ation (uniformly distributed over the interval [

0, |C|
]; newgenerated lo
ation for ea
h simulation). This leads to estimates of the ex-pe
ted value of α1 with respe
t to the disease lo
us position, 
f. Figure 5.Results The results show that the dis
repan
y between α0 and α1 mightbe severe, whi
h shows that (7) and (9) give very di�erent p-values under astrong one-lo
us geneti
 
omponent. Hen
e, the in
lusion of a disease lo
usin the null hypothesis leads to a 
onsiderable loss of power. Generally, thedi�eren
es between the results using a disease lo
us of �xed versus randomlo
ation are small.Note 16 In most 
ases the signi�
an
e level dis
repan
y is enlarged within
reasing (disease lo
us) IBD-sharing. The only ex
eption from this rule isthe results for S6. The reason for this behaviour is that this s
ore fun
tion isnot regular sin
e (16) is not satis�ed.
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Figure 4: The signi�
an
e levels using a simple null hypothesis versus the
orresponding level for 
omposite alternatives (9) with θ = (z, l), z = (z1)T ∗
(0.25, 0.5, 0.25), z1 ∈ A = {(0.2, 0.4, 0.4), (0.2, 0.5, 0.3), (0.25, 0.5, 0.25)}, l =

(l1, l2) and l1 lo
ated in the middle of the �rst 
hromosome. Throughout,we use pedigree sets with n=100 ASPs, s
ore fun
tions S1-S8 and a genome
Ω 
onsisting of 5 
hromosomes of equal length 2 Morgans. The signi�
an
elevels of the simple null hypothesis are α0=(0.2,0.05,0.005). The number ofsimulations is J=2000. Note: Using a grid of thresholds T, we 
hoose thethreshold T as the smallest one giving rise to signi�
an
e levels less thanor equal to the appropriate α0. This explains why some values seem to beimproperly small, e.g. that the dotted line above doesn't exa
tly follow thediagonal α0 = α1.
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Figure 5: The signi�
an
e levels using a simple null hypothesis versus theexpe
ted value of the 
orresponding level for 
omposite alternatives (9) withrespe
t to the uniformly random disease lo
us position. For further details
f. the 
aption of Figure 4.



7 DISCUSSION 327 Dis
ussionWe have proposed an approa
h to simultaneous two-lo
us genome-wide (global)NPL-based sear
h. It should be noted however that at present looking ata whole genome is very 
omputer-intensive, although we believe that ourmethod is feasible for looking for two-lo
us linkage and gene-gene intera
-tions over a few 
hromosomes, where the 
andidate 
hromosomes are thensuggested by other means.The main topi
s of this arti
le are: (i) Within a general framework fortwo-lo
us s
ore fun
tions, we are able to give 
onservative bounds on type-1errors. In Theorem 1 we give asymptoti
 p-values for testing the 
ompositenull hypothesis H0 of no joint geneti
 e�e
t against the alternative of a jointe�e
t. Asymptoti
 or simulation-based approximations of these p-values areeasy to implement and, moreover, appli
able for a wide 
lass of s
ore fun
-tions. (ii) Comparisons between simple and 
omposite null hypotheses. The
hoi
e of null hypothesis greatly in�uen
es the power of the tests. A sim-ple null hypothesis leads to more powerful tests, but on the other hand the
lass of alternative hypotheses is so large that a reje
ted null hypothesis isless informative than for a 
omposite null hypothesis. (iii) Investigationsof the e�e
t of gene-gene intera
tion. For many s
ore fun
tions, gene-geneintera
tion greatly in
reases power.Moreover, we are aware of the fa
t that all our examples, for instan
e some
ases based on (32)-(33), do not ful�l the two-lo
us IBD-sharing inequalitiesgiven in Bengtsson (2001). Though we believe that to 
hoose somewhatexaggerated examples might be justi�ed a

ording to our aim of 
learly andsimple presenting the 
orresponding prin
iples and impli
ations.Finally, a few words on some alternative methods, of various degree ofsimilarity to our approa
h, whi
h are plausible to use within the same 
on-text:I Repla
e the estimates ẑ at l̂1 by the 
orresponding pedigree-spe
i�
NPL s
ores Zi(l̂1) (i = 1, 2, . . . , n). In pra
ti
e, this re�e
ts a s
orepeak of �xed rather than of random height and might be 
onsidered tobe an instan
e of a 
onditional NPL analysis approa
h.II Knowledge (or assumption of) a one-lo
us disease model (i.e. the pene-tran
e ve
tor, disease allele frequen
y and disease lo
us position) makesit possible to 
al
ulate θ under H0, avoiding the need to estimate, or to
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A ONE-LOCUS ALLELE-SHARING PROBABILITIES 39A One-Lo
us Allele-Sharing ProbabilitiesOne-Lo
us Case We will now give some expli
it standard results 
on-
erning the probabilities appearing in (1). Similar formulas are given in e.g.Suarez (1978) and Nilsson (2001). In Table 7 the six distin
t genotype 
on�g-urations are presented and the (a priori) probabilities of these parental 
on-�gurations (PG) and the probability of an ASP given su
h SGs are displayed.Under the assumptions of random mating and Hardy-Weinberg equilibriumthe former only depends on the disease allele frequen
y, whereas the latter isa fun
tion of the disease penetran
es only.Table 7: Number, stru
ture, a priori probabilities and the probability of anASP with respe
t to the possible distin
t genotype 
on�gurations.No. PG or SG P (PG) P (ASP |SG)1 DD-DD p4 f 2
22 DD-Dd 4p3(1 − p) f1f23 Dd-Dd 4p2(1 − p)2 f 2
14 DD-dd 2p2(1 − p)2 f0f25 Dd-dd 4p(1 − p)3 f0f16 dd-dd (1 − p)4 f 2
0Next, in Table 8 we present the probabilities for the SGs 
onditional onthe PGs. Obviously, not all the joint SG-PG out
omes are theoreti
ally 
on-sistent, i.e. some out
omes are assigned a zero probability, for
ing the 
orre-sponding 
onditional probabilities to equal 0. Moreover, the 
orrespondingIBD-probability ve
tor is given for all possible genotype 
ombinations.Two-Lo
us Case We restri
t ourselves to making some remarks on thene
essary generalizations with respe
t to the one-lo
us 
ase. Comparing withTable 7 this in
ludes: (i) The number of distin
t 
on�gurations in
reases to

62 = 36. (ii) The probabilities P (PG) depend on two disease allele frequen-
ies p1 and p2, 
orresponding to l1 and l2 respe
tively. (iii) The 
onditionalprobabilities P (ASP |SG) depend on the two-dimensional penetran
es in (3).Regarding Table 8 the updating implies: (i) The number of possible(grouped) SGs for ea
h PG 
on�guration ranges from 1 to 36. (ii) Thepositive probabilities P (SG|PG) are on the form x/256, x ∈ {1, 2, . . . , 256},



B PROOF OF THEOREM 1 40Table 8: Probabilities of (IBD = 0, IBD = 1, IBD = 2) given the jointlypossible 
ombinations of parental genotypes (PG) and sib-pair genotypes(SG).
PG Possible SGs P (SG|PG) P (IBD|PG, SG)1 DD-DD 1 [1

4
, 1

2
, 1

4
]2 DD-DD 1

4
[0, 1

2
, 1

2
]Dd-DD 1

2
[1
2
, 1

2
, 0]Dd-Dd 1

4
[0, 1

2
, 1

2
]3 DD-DD 1

16
[0, 0, 1]Dd-DD 4

16
[0, 1, 0]Dd-Dd 4

16
[1
2
, 0, 1

2
]DD-dd 2

16
[1, 0, 0]Dd-dd 4

16
[0, 1, 0]dd-dd 1

16
[0, 0, 1]4 Dd-Dd 1 [1
4
, 1

2
, 1

4
]5 Dd-Dd 1

4
[0, 1

2
, 1

2
]Dd-dd 1

2
[1
2
, 1

2
, 0]dd-dd 1

4
[0, 1

2
, 1

2
]6 dd-dd 1 [1

4
, 1

2
, 1

4
]sin
e the number of nongrouped 
on�gurations is 256. (iii) The 
onditionalIBD-probabilities P (IBD|PG, SG) are given as 3x3 matri
es rather than asve
tors.B Proof of Theorem 1Here we prove the statements (22)-(23) involving the least favourable distri-bution in H0 and its signi�
an
e level for the global test (20).



C DETAILED POWER CALCULATION RESULTS 41Proof: Firstly, note that the validity of the proposition regarding theleast favourable distribution (za or zb) follows from the regularity of thes
ore fun
tion and that the (one-lo
us) p-value is an in
reasing fun
tion ofthe 
hromosome length.Se
ondly, de�ne si = (S(2, i) − µ)/σ for i = 0, 1, 2. Then, if |C1| ≤ |C2|,under the least favourable distribution za at lo
us l1 ∈ C1, x 7→ Z(l1, x)behaves as a one-lo
us NPL pro
ess on C2, with standardized s
ore fun
tion
S satisfying S(i) = si, i = 0, 1, 2. Sin
e the s
ore fun
tion is regular

max
x1∈C1,x2∈C2

Z(x1, x2) = max
x2∈C2

Z(l1, x2) (34)under the least favourable distribution. Put Un(x) = Z(l1, x). Then fromresults in Hössjer (2005
) one �nds that the 
ovarian
e fun
tion of Un satis�es
rUn

(t) = (s2 − s0)
21

8
exp(−4|t|) + (s2 − 2s1 + s0)

2 1

16
exp(−8|t|) (35)independently of n under the least favourable distribution. As n → ∞,

Un 
onverges weakly to a Gaussian limit pro
ess U with 
ovarian
e fun
-tion (35), see Hössjer (2005
) for details. This limit pro
ess is a mixture oftwo Ornstein-Uhlenbe
k pro
esses. By (22), (34), (35) and the ContinuousMapping Theorem we obtain (23).Similarly, if |C1| ≥ |C2|, under the least favourable distribution zb at lo
us
l2 ∈ C2, x 7→ Z(x, l2) behaves like a one-lo
us NPL pro
ess on C1 withthe same s
ore fun
tion S. The rest of the proof is analogous to the 
ase
|C1| ≤ |C2|.Note 17 From (35) we also get the 
rossover rate

ρ = −r′U (0)/2 =
1

4
(s2 − s0)

2 +
1

4
(s2 − 2s1 + s0)

2 (36)of the limit pro
ess U , whi
h is used to approximate the global signi�
an
elevel (
f. Lander and Kruglyak, 1995).C Detailed Power Cal
ulation ResultsHere we give a 
omplete presentation of the power simulation results previ-ously displayed in Figure 1 (Table 9-10) and Figure 2-3 (Table 11-12).
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Table 9: Lo
al power 
al
ulations using 25, 50 or 100 ASPs, a simple nullhypothesis under three alternative hypotheses and s
ore fun
tions S1 − S4.Signi�
an
e level α = 0.00001 (
f. Figure 1).

S1 S2 S3 S4

H1A: N = 100 0.3695 0.2663 0.2689 0.0677
N = 50 0.0624 0.0397 0.0773 0.0106
N = 25 0.0128 0.0149 0.0102 0.00164

H1B: N = 100 0.3887 0.7916 0.8709 0.7261
N = 50 0.0965 0.2535 0.4496 0.2192
N = 25 0.0307 0.0900 0.0993 0.0348

H1C : N = 100 0.4211 0.9983 0.9998 0.9999
N = 50 0.1491 0.8112 0.9477 0.9449
N = 25 0.0676 0.4253 0.5393 0.4494

Table 10: Lo
al power 
al
ulations using 25, 50 or 100 ASPs, a simple nullhypothesis under three alternative hypotheses and s
ore fun
tions S5 − S8.Signi�
an
e level α = 0.00001 (
f. Figure 1).
S5 S6 S7 S8

H1A: N = 100 0.2424 0.0000270 0.4624 0.00368
N = 50 0.0929 0.0000426 0.0903 0.00159
N = 25 0.0121 0.0000480 0.0255 0.000215

H1B: N = 100 0.9370 0.3822 0.0272 0.0755
N = 50 0.6184 0.1013 0.00449 0.0183
N = 25 0.1494 0.0216 0.00231 0.00157

H1C : N = 100 0.999998 0.99999999992 0.000000392 0.8109
N = 50 0.9943 0.9997 0.00000113 0.3073
N = 25 0.7265 0.8909 0.00000816 0.0274



C DETAILED POWER CALCULATION RESULTS 43Table 11: Global power 
al
ulations using 50 ASPs, a 
omposite null hypoth-esis under three alternative hypotheses and s
ore fun
tions S1, S2, S5 and S7.The disease lo
i l1 and l2 are lo
ated in the middle of the �rst 
hromosome
C1 and se
ond 
hromosome C2 respe
tively.. Signi�
an
e level α=0.001, 0.01or 0.05 respe
tively (
f. Figure 2).N=50 S1 S2 S5 S7

H1A : α=0.001 0.0184 0.0196 0.0116 0.0088
α=0.01 0.0964 0.0836 0.0580 0.0616
α=0.05 0.2448 0.2100 0.1168 0.1908

H1B : α=0.001 0.0348 0.1604 0.2016 0.0008
α=0.01 0.1240 0.3424 0.4124 0.0100
α=0.05 0.2760 0.5256 0.5516 0.0648

H1C : α=0.001 0.0720 0.6500 0.8968 0.0000
α=0.01 0.1632 0.8240 0.9692 0.0048
α=0.05 0.2936 0.9140 0.9864 0.0400

Table 12: Global 
al
ulations of the expe
ted value of the power with respe
tto the (randomly lo
ated) disease lo
i positions (
f. Figure 3). For furtherdetails 
f. the 
aption of Table 11.N=50 S1 S2 S5 S7

H1A : α=0.001 0.0132 0.0268 0.0240 0.0100
α=0.01 0.0684 0.0824 0.0492 0.0580
α=0.05 0.1796 0.1760 0.1088 0.1996

H1B : α=0.001 0.0320 0.1592 0.2876 0.0000
α=0.01 0.0900 0.3064 0.4436 0.0108
α=0.05 0.2228 0.4692 0.5792 0.0684

H1C : α=0.001 0.0648 0.6732 0.9424 0.0000
α=0.01 0.1448 0.8424 0.9704 0.0064
α=0.05 0.2712 0.9164 0.9864 0.0332



D CRITERIA FOR FURTHER INCLUSION OF CELLS 44D Criteria for Further In
lusion of CellsLet A be the 
olle
tion of 
ells (i, j) with S(i, j) = 1 and de�ne
zk = zk(A) =

∑

i,j∈A

zijk = P
(

(

IBD(l1), IBD(l2)
)

∈ A | Hk

)

, k = 0, 1.A

ording to the dis
ussion in Se
tion 6.1, 
hoose A = {(i, j); zij1/zij0 ≥ t}for some (variable) threshold t. Let Zn denote the nonstandardized NPLs
ore based on n ASPs. Assume that n is large enough for a normal approx-imation of the binomial Bin(n, p)-distribution (p ∈ [z0, z1]). Then, the nullhypothesis is reje
ted for a pointwise test with signi�
an
e level α if
Y =

Zn − nz1
√

nz1(1 − z1)
≥ λα

√

z0(1 − z0)

z1(1 − z1)
+
√

n
z0 − z1

√

z1(1 − z1)
, (37)where Y has approximately a standard normal distribution under H1 and

λα = Φ−1(1 − α) is the standard normal quantile 
orresponding to the sig-ni�
an
e level α. Hen
e the power is 1−Φ(y), where y is the right-hand sideof (37). The optimal 
hoi
e of A, in terms of pointwise power, is found byminimizing y.


