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Abstract

We discuss different aspects of unconditional two-locus nonparametric linkage
(NPL) analysis with special emphasis on gene-gene interaction. We interpret
this as identical-by-descent (IBD) sharing correlation between two disease
loci both having marginal effect. We relate this to the concept of two-locus
NPL score functions, the possible importance of using a composite rather
than a simple null hypothesis and the corresponding calculation of statisti-
cal power. Moreover, we define several classes of score functions and give
multiple suggestions on how to incorporate a composite null hypothesis into
the analysis. The least favourable two-locus IBD-distribution is discussed,
resulting in an upper bound of the two-locus p-value.

Key words: NPL analysis, unconditional two-locus linkage analysis,
genetic disease models, IBD-sharing, gene-gene interaction, score functions,
composite null hypothesis, least favourable distribution, Monte Carlo
simulation, estimation of genetic parameters, power calculations.
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1 Introduction

Aims and Scope One-locus nonparametric analysis for assesing genetic in-
fluence from a single gene on the development of a disease is well understood.
The most common approaches are test methods based on the nonparametric
linkage (NPL) score or the maximum lod score (MLS). In this context non-
parametric refers to the fact that they presuppose no genetic model for the
disease.

In this article we discuss different approaches to unconditional two-locus
linkage analysis based on allele-sharing methods through two-locus versions
of the NPL score. We use this to look for a joint genetic effect of two dif-
ferent genes on the development of a disease. An important aspect of this
kind of analysis is the choice of either including or excluding, in the general
hypotheses or models, the possibility of gene-gene interaction with respect
to the identical-by-descent (IBD) sharing probabilities. Here we consider,
for instance, the choice of a two-locus score function, the importance of al-
lowing for gene-gene interaction, several two-locus null hypotheses and the
corresponding calculation of statistical power. We consider both simple and
composite null hypotheses and develop several methods for calculating sig-
nificance levels and power.

Throughout this article we use pedigree sets consisting of affected sib-
pairs (ASP) and assume perfect marker information, i.e. that the actual
IBD-sharing through the corresponding inheritance vector, at each locus, is
known with probability one.

There are two different ways to look for simultaneous effects from two
unlinked loci: (i) The most common way is to do a conditional search. This
means that one calculates the two-locus score conditioning on fixed infor-
mation from one or several assumed loci of disease genes. The conditioning
loci are either fixed or estimated, depending on whether the genes are known
or not. In the latter case the conditioning loci may bee chosen from the
peaks of a one-locus scan. The IBD-information from these loci are used
as weights in the second, conditional two-locus scan. See for instance Cox
et al. (1999) and Angquist and Hossjer (2005b) for more details. (ii) The
second alternative is to perform an unconditional or simultaneous search for
two disease-causing loci. There are advantages and disadvantages of both ap-
proaches. Simple implementations of conditional analysis may not in essence
be geared towards capturing general gene-gene interactions and, more impor-
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tant, it may not be easy to find the right conditioning loci leading to a loss
of information and possible failure to detect susceptibility loci. On the other
hand, the conditional approach normally includes significantly less multiple
testing and is computationally more feasible.

The main aim of this paper is to compare the strength (power) of different
two-locus testing methods, both under simple and composite null hypotheses,
and to formulate a test that gives an upper bound on the significance level
for the composite alternative.

Previous Work Dupuis et al. (1995) treat both conditional and simulta-
neous search of two unlinked disease-causing loci, in the latter case using a
combination of the overall lod score process at the chromosomes. Restricting
ourselves to two chromosomes, C; and C5, they essentially use the sum of
two maximum lod score processes Z(-) as

max Z(zy) + mxaxZ(:vg) with 1 € C1 , 9 € Cs.
This is a measure using the total lod score on each chromosome, and therefore
does not (a priori) capture the individual familial joint genetic effect. A
similar approach was used in Strauch et al. (2000) where they suggested
two-locus versions of the NPL score functions Spairs and Say (Whittemore and
Halpern, 1994) as sums of the one-locus counterparts and implemented these
into GENEHUNTER-TWOLOCUS. Recently, conditional and simultaneous
search for quantitative traits and model selection are treated by Tang and
Siegmund (2002) and Siegmund (2004) respectively.

Extensions of the MLS method are described by Farrall (1997) and in the
two-locus case by Cordell et al. (2000). Zinn-Justin and Abel (1998) consider
versions of the two-locus Weighted Pairwise Correlation (WPC) statistic,
Lucek et al. (1998) describe a multilocus approach based on neural networks
and Doerge and Churchill (1996) outline a permutation test in the multilocus
quantitative trait linkage (QTL) setting.

Cox et al. (1999) perform conditional NPL analysis using, in principle,
the two-locus pedigree-specific NPL score

Z(x1,x9) = Z(l‘l)f(Z(l'g)) with 1 € C1 , x5 € Oy,

where the argument of f depends on the one-locus NPL score at the fixed con-
ditioning locus xs and it produces pedigree weights for computing the total
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NPL score when scanning through . An alternative conditional approach
is defined by Chiu and Liang (2004).

Connected, for instance, to the choice of an appropriate score function is
the definition of the crucial concepts interaction, epistasis and heterogeneity.
We adopt the interpretation of Cox et al. (1999) and Holmans (2002) where
epistasis and heterogeneity are viewed as gene-gene interactions with posi-
tively and negatively correlated IBD-sharing probabilities. Recently, Vieland
and Huang (2003) argued for a contrasting definition through penetrances.
This was motivated by insisting on certain biological definitions. Later on, in
the same journal volume, two replies of general disagreement with this view
containing interesting comments and critique (Farrall, 2003; Cordell, 2003)
were published. Holmans (2002) tackled gene-gene interaction through a lo-
gistic regression method and related articles directed towards variance com-
ponents in QTL analysis are e.g. Tiwari and Elston (1998), Purcell and Sham
(2004) and Culverhouse et al. (2004).

Disease models for the two- or multilocus cases are discussed by Risch
(1990), MacLean et al. (1993), Knapp et al. (1994), Tiwari and Elston
(1998) and Kdmpe (2001). A complete enumeration of distinct disease models
is given in Li and Reich (2000). They reduce the number of models by using
permutations based on inherent data symmetry. Constraints for valid two-
locus IBD-sharing probabilities are derived by Dudoit and Speed (1998) and
Bengtsson (2001).

Several areas within nonparametric linkage analysis in general are dis-
cussed by Kruglyak and Lander (1995), Kruglyak et al. (1996), Kong and
Cox (1997) and Teng and Siegmund (1998). The performance of different
score functions, mainly in the one-locus case, is investigated by Whittemore
and Halpern (1994), Davis and Weeks (1997), McPeek (1999), Feingold et al.
(2000), Sengul et al. (2001) and Hossjer (2005a).

Finally, interesting recent review papers on two- or multilocus models
are Hoh and Ott (2003) and Strauch et al. (2003) and textbooks on linkage
analysis in general are Sham (1998) and Ott (1999), whereas a shorter review
is given by Ott and Hoh (2000).

Outline of Article In Section 2 we discuss different one- and two-locus
genetic models and in Section 3 the relevant hypotheses (null and alterna-
tive) for testing two-locus genetic effects. Connected to this problem is the
choice of a proper score function and in Section 4 we introduce general classes
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of regular and restricted two-locus score functions and give some examples.
Next, in Section 5 we discuss the least favourable two-locus distribution
when calculating theoretical p-values for an arbitrary regular score function.
We derive both local (pointwise) and global (genome-wide) results. More-
over, some Monte Carlo simulation methods and approaches to significance
calculations are discussed. Section 6 is devoted to power calculations using
first the simple null hypothesis and then composite ones. This is made for
several score functions and genetic models. We assume constant marginal
(one-locus) IBD-sharing probabilities at the two assumed disease loci, but
use different strength of the IBD-sharing correlation. Further discussion and
conclusions are presented in Section 7 and the appendices contain some re-
sults on allele-sharing probabilities, a proof related to the least favourable
distribution, tables with the complete results from the power and significance
calculations and some notes on the choice of a restricted score function.

2 Genetic Disease Models

IBD-Sharing The concept of sharing alleles IBD is of central importance
to the remainder of this article. For an underlying pair of individuals, it is
defined as the property of inheriting copies of the same founder alleles (see e.g.
Sham, 1998; Ott, 1999; Strachan and Read, 2003). Since genotypes consists
of two alleles, it is formally possible to, with probabilities depending on the
specific pair of relatives, share 0,1 or 2 alleles IBD. At locus x, we define these
events to be the possible outcomes of the corresponding stochastic variable

IBD(z).

Assumptions Throughout, we assume binary phenotypes, biallelic disease
loci, no parental imprinting, no interference and random inheritance. Con-
sider Table 1 for some basic notation.

2.1 One-Locus Model

Let z;(x) = P(IBD(z) = i|ASP) (i=0,1 or 2) be the probability that an
affected sib-pair shares ¢ alleles IBD at locus z. If [ is the disease locus, we
may express this identity using the following expansion based on conditional
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Table 1: Basic notation.

Notation | Meaning

D disease allele
d nondisease allele
P frequency of D

q=1-p frequency of d

PG parental genotype
SG sib-pair genotype
ASP affected sib-pair
IBD identical-by-descent
fis penetrances i.e.
i—=0,1 or 2 | P(diseaseli Ds)

probabilities,
(1) = reTso PUBDQ) = ilPG, SG)P(ASPISG) P(SGIPG) P(PG)
Z > ra 2usq P(ASP|SG)P(SG|PG)P(PG) '

1)
More information on (1) is given in Appendix A. From now on, for ease of
notation, we assume that the calculations are performed at a disease locus,
ie. z; = z/(l). Further, we define the event of no genetic component as
random inheritance given affection status, i.e. corresponding to IBD-sharing
probabilities z = (zg, 21,22) = (1/4,1/2,1/4) at the (false) disease locus.
One-locus IBD-probability constraints are defined by Holmans (1993).

Note 1 The rightmost term in the numerator of (1) depends on the disease
allele frequency p, the second term s a function of the penetrances f; and
the remaining ones follows through combinatorial arguments given the joint
structure of the genotypes of the parents and the sib-pair.

Next, we will calculate the probabilities in (1) for two distinct fully pen-
etrant one-locus disease models: the recessive and the dominant model. Let
f = (fo, f1, f2) be the penetrance vector.

Example 1 (The Recessive Model) We have f = (0,0, 1), i.e. two copies of
the disease allele D (homozygosity) will cause the disease. The IBD-sharing
probabilities with respect to different choices of the disease-allele frequency
are displayed in Table 2.
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Table 2: IBD-probabilities given an ASP for the recessive model.

p 20 Z1 )

0.01 | 0.0001 0.0196 0.9803
0.10 | 0.0083 0.1653 0.8264
0.25 | 0.0400 0.3200 0.6400
0.50 | 0.1111 0.4444 0.4444
0.75 | 0.1837 0.4898 0.3265
1.00 | 0.2500 0.5000 0.2500

Example 2 (The Dominant Model) We have f = (0,1,1), i.e. at least one
copy of the disease allele D will cause the disease. The IBD-sharing prob-

abilities with respect to different choices of the disease-allele frequency are
displayed in Table 3.

Table 3: IBD-probabilities given an ASP for the dominant model.

p 20 Z1 )

0.01 | 0.0098 0.4988 0.4914
0.10 | 0.0813 0.4909 0.4278
0.25 | 0.1565 0.4856 0.3578
0.50 | 0.2195 0.4878 0.2927
0.75 | 0.2443 0.4951 0.2606
1.00 | 0.2500 0.5000 0.2500

Note 2 The mazimal probability for sharing two alleles IBD is 1 in the reces-
sive and 0.5 in the dominant case. This means that the ASP is more informa-
tive for rare recessive than for rare dominant diseases, see e.g. Hossjer (2005b).

2.2 Two-Locus Model

In the two-locus case, let

Zz‘j(IL‘l,l'g) = P(IBD(ZL‘l,ZL‘Q) = (Z,j)|ASP) Z,j - {0, ]_,2}
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be the probability that an affected sib-pair shares i and j alleles IBD at locus
x1 and x5 respectively. We only consider probabilities at disease loci [; and
ly, i.e. zi; = 2;5(1y, 12).

The two-locus analogue of expansion (1) for calculation of IBD-sharing
probabilities is

 Yopa2se PUBD = (i,7)|PG, SG)P(ASP|SG)P(SG|PG)P(PG)
- > o %s¢ P(ASPISG)P(SGIPG) P(PG) |

(2)
where the involved loci are assumed to be located on distinct chromosomes,
PG = (PG4, PGs5) and SG = (SG4, SGy) are the joint parental and sib-pair
genotypes with respect to loci [; and [5. For discussions on two-locus IBD-
probability constraints, see Cordell et al. (1995), Dudoit and Speed (1998)
and Bengtsson (2001).

Zij

Note 3 The rightmost term in the numerator of (2) depends on the dis-
ease allele frequencies p1 and ps, the second term is related to the two-locus

penetrances
Joo Jor  Joz
f=1/io fu fiz |, (3)
J20 far a2

where f;; refers to the probability of being affected given that the genotypes
Gy and Gg at loci 1y and ly contain i and j copies of the disease alleles Dy
and Do.

As for the one-locus case, we will now give two examples of calculation of
the IBD-sharing probabilities corresponding to (2). For ease of presentation,
we let p; = po.

Example 3 (The Recessive-Recessive Model) We have

o O O

0
0],
1

S
I
oS o O

i.e. joint homozygosity with respect to the disease alleles D1 and Do, at the
first and second disease locus respectively, will cause the disease. The IBD-
sharing probabilities found when varying the common disease-allele frequency
are displayed in Table 4.
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Table 4: IBD-probabilities given an ASP for the Recessive-Recessive model.

=0 ] 0.01 0.0000 0.0000 0.0004 || 0.50 0.0123 0.0494 0.0494
1=1 0.0000 0.0001 0.0192 0.0494 0.1975 0.1975
1=2 0.0004 0.0192 0.9610 0.0494 0.1975 0.1975
=01 0.10 0.0001 0.0014 0.0068 || 0.75 0.0337 0.0900 0.0600
1=1 0.0014 0.0273 0.1366 0.0900 0.2399 0.1599
1—2 0.0068 0.1366 0.6830 0.0600 0.1599 0.1066
=0 ]| 0.25 0.0016 0.0128 0.0256 || 1.00 0.0625 0.1250 0.0625
1=1 0.0128 0.1024 0.2048 0.1250 0.2500 0.1250
1=2 0.0256 0.2048 0.4096 0.0625 0.1250 0.0625

Example 4 (The Dominant-Dominant Model) We have

0 0
1 1],
11

S
I
oS o O

i.e. at least one copy (jointly) of the disease alleles Dy and Ds, at the first
and second disease locus respectively, will cause the disease. The IBD-sharing
probabilities found when varying the common disease-allele frequency are dis-
played in Table 5

Note 4 The maximal probability for simultaneously sharing two alleles IBD
at both disease loci is 12 = 1 in the recessive-recessive case and 0.5 = 0.25
in the dominanit-dominant case.

Next, we define the marginal (one-locus) IBD-sharing probabilities in this
two-locus setting as

2= (2}, 21, 23) with 2z = Zzzj,
J
2 2 2 2\ i L2 (4)
2% = (25, 27, 73) with 27 = Zzzj,
i
corresponding to the row and column totals in the 3x3 two-locus IBD-sharing
matrix {z;;} respectively. Now, the general definition of gene-gene interaction
of IBD-sharing is given by:
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Table 5: IBD-probabilities given an ASP for the Dominant-Dominant model.

=0 ] 0.01 0.0001 0.0049 0.0048 || 0.50 0.0482 0.1071 0.0642
1=1 0.0049 0.2488 0.2451 0.1071 0.2380 0.1428
1=2 0.0048 0.2451 0.2415 0.0642 0.1428 0.0857
=01 0.10 0.0066 0.0399 0.0348 || 0.75 0.0597 0.1210 0.0637
1=1 0.0399 0.2410 0.2100 0.1210 0.2451 0.1290
1=2 0.0348 0.2100 0.1830 0.0637 0.1290 0.0679
=0 ]| 0.25 0.0245 0.0760 0.0560 || 1.00 0.0625 0.1250 0.0625
1—1 0.0760 0.2358 0.1738 0.1250 0.2500 0.1250
1=2 0.0560 0.1738 0.1280 0.0625 0.1250 0.0625

Definition 1 IBD-sharing correlation or gene-gene IBD-sharing inter-
action is present when, for at least one pair (i,j),

where 2 and 2* corresponds to the marginal sharing defined in (4).

Note 5 For ASPs and multiplicative two-locus penetrance models, i.e. where
fij = filsz, one may prove that z;; = lezf Here ! and f? refer to marginal
penetrances and z! and 2]2- are the corresponding one-locus probabilities (1).

3 Hypotheses for Statistical Tests

Crucial for the possibility of performing statistical tests is the definition of
proper testing hypotheses, i.e. the null hypothesis (Hy) and the alternative
hypothesis (Hy).

3.1 One-Locus Hypotheses

The standard one-locus hypotheses are commonly defined as

Hy: z=(0.25,0.5,0.25),
Hy: 2z # (0.25,0.5,0.25),
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where we still implicitly assume that z = z(l) for disease locus [.

Note 6 An equivalent way of formulating this is in terms of penetrances. A
genetic effect of the studied disease is present if fo = f1 = fo does not hold.

3.2 Two-Locus Hypotheses

Assume we have two different chromosomes C; and Cy, on which we suspect
there are loci [; and Iy, that jointly affect the disease of study. Let z = {z;;}
be the two-locus IBD-sharing of interest. We would like to stress that no
restriction is put on how the two genes interact. Furthermore we are mainly
interested in joint effects, i.e. not in finding out whether one of the loci has
an effect on its own. This corresponds to the following general hypotheses

Hy : At most one of the loci /1 and I have an effect,
H, : Both loci [; and [, have an effect,

where the null and alternative hypothesis mean no and present joint genetic
effect respectively.

Let Z denote the set of possible two-locus IBD-probabilities in (2), as de-
rived by Bengtsson (2001). Below we will define the two-locus null hypotheses
as a given subset Zg of Z. By varying Z, we incorporate both simple and
composite null hypotheses. Assuming no a priori information about the lo-
cation of [; and Iy, we require Zj to be symmetric, i.e. z = 2;; € Zg implies
that 2’ = z;, € Z,.

3.2.1 Simple Null Hypotheses

The simple null hypothesis assuming absence of both marginal genetic effects
and gene-gene interaction is

HY : Zy = {z =(0.25,0.5,0.25)" % (0.25,0.5,0.25)} (7)
and the corresponding alternative hypothesis may be interpreted as

Hl(l) : At least one disease loci OR gene-gene interaction.

3.2.2 Composite Null Hypotheses

Using a composite null hypothesis we narrow the region of the alternative
hypothesis by allowing for the presence of either or both of the following
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properties in the null hypothesis: (i) One disease locus. (ii) Gene-gene inter-
action. Three distinct options are given:

H? . Zy={z; 2" = 2> = (0.25,0.5,0.25)}, (8)

1

where 2! and 2% are the marginal sharing vectors defined in (4),

HY : 74 = {(z")"%(0.25,0.5,0.25), z' € A} U {(0.25,0.5,0.25)"%2%, 2* € A},
(9)

where A is a given subset of one-locus IBD-probabilities and

HY : Zy={z; 2" =(0.25,0.5,0.25) or 22 = (0.25,0.5,0.25)}.  (10)

)

The alternative hypotheses corresponding to HéQ)— Hé4 may be interpreted

as
HI(Q) : At least one disease loci,
H{‘g) : Two disease loci OR gene-gene interaction,
H£4) : Two disease loci.

Note 7 We can actually narrow the definition of joint effect even further if
restricting H1(4) by demanding presence of gene-gene interaction, i.e.

H1(5) . Two disease loci and gene-gene interaction.

In this work we will mainly consider null hypotheses (7), (9) and (10).

4 Score Functions

4.1 One-Locus Functions

A score function S : {0,1,2} — R is a function that given a certain IBD-
sharing gives the corresponding pedigree (ASP) a numeric score (weight). A
pedigree-specific NPL score Z is score function applied to a specific locus
or specific loci. The pedigree set analogue combines the n distinct pedigree
scores available and will henceforth simply be referred to as the NPL score.

Let us start with the 7' sib-pair and define IBD;(z) to be the number of
alleles they share IBD at locus . Now, their pedigree-specific NPL score at
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this locus is denoted by Z;(z) = S(IBD;(z)). The standardized (pedigree
set) NPL score is then given by

Z(x) = %;W (11)

where p(z) = E(Zi(z)) and o%(z) = V(Z;(z)), the expected value and
variance under the null hypothesis.

To test for increased IBD-sharing among M chromosomes CY, ..., C; one
may define the maximum NPL statistic with respect to the genome scanning
region Q = UM, C; as Zyax = max,eq Z (7).

Let 6 = (z,1) denote the genetic model parameters, with z = (zg, 21, 22) as
the IBD-sharing probabilities at disease locus [. Given a threshold 7', define
the global power function

B(T:0) = P(Zuax = TI6). (12)

and let a(7;60) = a(T') be the global significance level. This is the constant
value of 3(T; 0) when 6 € Hy. The global p-value is a(zpax), Where zy.x is the
observed value of Z,,.,. The local power function [oc(7'; #) and significance
level uocal(T') are defined analogously by replacing Z.. by Z(l) and then
putting # = z, since the position of disease locus does affect neither the
pointwise significance level nor the pointwise power.

4.2 Two-Locus Functions

Extending the concept of score functions to the two-locus case is straight-
forward. S(i,7) simply equals the numeric score connected to jointly shar-
ing ¢ and j alleles IBD. The formulation of the pedigree-specific NPL score
Zi(x1,m9) = S(IBDi(xl),IBDi(xg)) for the ™ ASP at loci z; and x5 now
leads to the standardized (pedigree set) NPL score given by

Lo ) = 5 A =) (13

o(xy,xs)

where Z;(x;, x3), pu(x1,z2) and o?(z1, o) are the two-locus analogues, with
respect to the loci x; and x5, of the pedigree-specific NPL score, expected
value and variance under the null hypothesis.
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Moreover, the maximum NPL statistic for unlinked loci (i.e. located on
distinct chromosomes) over € is generalized to

Zmax = max Z(xy,x2), C(x1) # C(x2), (14)

21,0269
where C(z) is the chromosome where x is located. This leads to two-locus
equivalents of the global power (12) and significance level, with 0 = (z,1),
z = (2;); j—o as defined in Section 2.2 and [ = (I1,13) consisting of the two
disease loci. The local power and significance level are defined analogously,
replacing Zyax by Z(ly,ls) everywhere, and with 6 = z.

Note 8 The global and local significance levels o(T;0) and oeq(T;60) in
general vary with 0 € Hy when the null hypothesis is composite.

Note 9 For the two-locus case, we denote the score (weight) matriz by
S(0,0) S(0,1) S5(0,2)
S=15(1,0) S(1,1) S(1,2)|. (15)
S(2,0) S(2,1) S(2,2)
Note 10 (i) Under a simple null hypothesis and perfect marker information
w(xz1, z2) och o*(xy, x9) will not depend on the chromosomal positions x1 and

xo. (i) In general, for a composite null hypothesis, p(x1,x9) and o(xy,xs)
will depend on 0 € Hy, see Sections 5.2 and 6 for further details.

4.3 Definitions

A natural restriction on a score function S for testing Hy against H; is that
it is monotone with respect to partial IBD-ordering.

Definition 2 A score function such that
S() <53); i<y, (16)
S(i,j) < S(k,1); i<k, j<lI,

in the one-locus and two-locus case respectively, is called a regular score
function.

Our next definition concerns the two-locus weights given in (15).

Definition 3 A score function is called restricted if the weights in S only
attain values 0 or 1, otherwise it is unrestricted. If S(i,j) = 1 then the
(i, )™ element is included in the selection of positive weights.
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4.4 Examples

A commonly used unrestricted one-locus score function is

S(i) =1, (17)

which is known as the mean sharing score function. Several known score
functions, such as Spas and Sy (Whittemore and Halpern, 1994) reduce
o (17) for ASPs. Next, we formulate four different versions of two-locus
unrestricted score functions,

Z,

S(i) + S(j) (additive),
(1) S(7)

S(i)* S(5)*  (quadratic multiplicative),

I
U

(multiplicative),

~.

I

)
)
)

~.

(é
(i
(i,
(é

J
J
J
J

i,j) =min (5(i),S(j)) (minimum),

where (i,7) refers to joint IBD-sharing. All four examples are defined as
functions of the corresponding pair of one-locus scores.

When S is the mean sharing score function, S;-S; are as in (18). In
addition, four restricted score functions S5-Sg are introduced in (18).

1) si=
) Si=

OO OOO
OO O

1
1
1
1

5 Methods for Composite Null Hypotheses

By the Central Limit Theorem, all score functions (11) and (13) have stan-
dard normal distributions asymptotically as n — oo under a simple null hy-
pothesis. However, different score functions will give rise to different power
functions under the alternative hypothesis, implying that they will differ in
their power to detect deviances from the null hypothesis.

An extra difficulty occurs when the two-locus null hypothesis is composite.
Then, with respect to a given score threshold, the significance level depends
on the actual instance of the hypothesis. There are several ways to deal
with this: (i) Replace the composite null hypothesis with the simple null hy-
pothesis Hél). However, by shrinking the null hypothesis we also weaken the
meaning of rejecting the test. Even though the power function is increased,
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its interpretation changes. (ii) Replace the composite null hypothesis with
its least favourable instance. We will then overestimate the p-values, i.e.
perform conservative calculations since the p-value for the least favourable
instance is at least as large as for any other element of the given hypothesis.
(iii) A form of projection testing, obtained by first estimating parameters
from data and then choosing the instance of the composite null hypothesis
corresponding to these parameters.

5.1 Least Favourable Distribution

The most conservative test is obtained by maximizing the p-value over the
null hypothesis, or equivalently by replacing H, with the least favourable
distribution in Hy. Thus, the significance level for the local test for the least
favourable distribution in Hj is

Qocal(T) = max aupeal (15 2) = max P(Z(xq,z2) > T2), (19)
z€Hy z€Hy

where x; and x» is any pair of loci on different chromosomes. The global test

analogue is

a(T) = max«a(T;0) (20)

0cHy

Now, we present a theorem whose proof is given in Appendix B.

Theorem 1 Consider the composite two-locus null hypothesis (10). Assume
Q = C1 Uy, perfect marker data and that S is a symmetric and requ-
lar score function Then there are two least favourable distributions z, =
(0,0,1)T % (0.25,0.5,0.25) and z, = (0.25,0.5,0.25)7 % (0,0, 1) for the point-
wise significance level, i.e. Qpeal(T) = Qocat(T; 2a) = Qocar(T; 26). This gives
rise to the standardization

n=-(5(0,2) +25(1,2) + 5(2,2)),

0'2:

(5(0,2)* +25(1,2)* + 5(2,2)%) — p?

N e

of S and (total) NPL score

2w, 19) = %iS(IBDi(:pl),iBDi(@)) —n
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with x; € C;, 1 = 1,2. Moreover, the asymptotic local significance level of
the least favourable distribution satisfies

nh—>nc}o dlocal(T) =1- @(T), (21)
where ® is the standard normal cumulative distribution function.

Let |C;| be the length of C;. Then, for the global p-value, z, is least
favourable if |Cy| < |Csl, 2y is least favourable if |Cy| > |Cs| and both dis-

tributions are least favourable if |Cy| = |Cs|. The global significance level
satisfies
_ (T z0,0), if |Ci] < |Ch
a(T) = , 22
) {Q(T;Zb,l), if |Ch| > [Cy (22)
where | = (I1,13) and l; € C;, i = 1,2. Asymptotically
lim a(T) = P( max U(z) >T) (23)

n—00 0<z<max(|C1[,|C2])

where {U(x)} is a mizture of Ornstein-Uhlenbeck processes, as shown in Ap-
pendiz B.

Note 11 The term P(max, U(x) > T) can be approzimated using extreme
value theory of Gaussian processes, see Feingold et al. (1993), Lander and
Kruglyak (1995), Tang and Siegmund (2001), Héssjer (2003b) and Angquist
and Hossjer (2005a). These formulas involve the crossover rate p = —r(;(0)/2,
where ry(t) = Cov(U(x), U(z+1)) is the covariance function. See Appendiz
B for details.

The reasoning in the proof shows that a similar result is possible to obtain
also for larger sibships, if one limits oneself to studying pairwise IBD-counts.

Note 12 Theorem 1 can be generalized to M > 2 chromosomes. Then the
least favourable distribution 0 = (z,ly,l3) of the global significance level is
defined as follows: Let C\, be the shortest chromosome, assume l; € Cln
and put z = (0,0,1)T % (0.25,0.5,0.25).

Note 13 Theorem 1 and its generalization in Note 12 can be formulated
for the more restrictive null hypothesis (9), provided (0,0,1) € A (since
then z, and z, belong to Hy). When (0,0,1) ¢ A in (9), we can still
find least favourable distributions z. = (z')T % (0.25,0.5,0.25) and zg =
(0.25,0.5,0.25)" % 2* by mazimizing 3_,; S(i, j)zi; with respect to 2" or 2* for



5 METHODS FOR COMPOSITE NULL HYPOTHESES 20

any given symmetric and reqular score function S, provided the maximum,

2 s unique. However, we no longer have the the asymp-

attained at z' = z
totic charatcerization (23) of a(T), but essentially have to estimate it using
simulation. Moreover, the positioning of Iy € Cin s no longer arbitrary, but

rather 1y is placed in the middle of Clyin.

5.2 Significance Calculations Through Simulation

Throughout, for a given score threshold 7" we denote the unknown p-value
with «(7") and the estimated counterpart with

AT:0) ==Y 1(Zha 2 T), (24)

Jj=1

~l=

where J is the number of independent and identically distributed simulations
under 0 € Hy, ZJ  _refers to the maximum of the NPL score Z7(-) in the one-
locus case and of Z7(-,-) in the two-locus case during the ;" simulation and
I(A) is the indicator function for the event A. Similarly the local significance
level is estimated as Ayoea (175 0), replacing Z7 . by Zi(1) or Z(l1,15) in (24).

For further reading on Monte Carlo simulation in linkage analysis see e.g.
Boehnke (1986), Ott (1989), Terwilliger et al. (1993), Song et al. (2004)

and Angquist and Hossjer (2004).

5.2.1 Least Favourable Distribution Method

Assume a null hypothesis (10) or (9) with the conditions of Note 13 satis-
fied. The least favourable distribution is defined for a general number M of
chromosomes in Note 12. It has the form 6 = (z,[y,ly), with [; € Cp,. In
order to estimate the global significance level for this 6, we can use (24) by
requiring IBD’(l;) = 2 and that {IBD(z)} is distributed as a one-locus
process under Hy when = ¢ Cyy, for j = 1,...,J. Then &(T';0) is a Monte
Carlo estimate of @(7"). This is evident from (22) when the number of chro-
mosomes M = 2 and follows similarly for general M. The reasoning for
the local significance level is analogous. We require IBD’(l;) = 2 and that
IBD(ly) is distributed as under H,.
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5.2.2 The Estimated One-Locus IBD-Sharing Method

For null hypothesis (9), we estimate the global significance as &(T) = a(T’; 6),
where &(T'; ) is the Monte Carlo estimated significance level in (24) and

0 — ((;:«0, 21, 2)T % (0.25,0.5,0.25), (i1, z2)) = (3,0 (25)

is the estimated genetic model from data. It consists of the estimated disease
locus [;, defined as the maximizer of the one-locus NPL score,

~

[y = argmax Z(z), (26)
zeQ

and the estimated IBD-proportions 2; = |{i; IBD;(l;) = j}|/n at ;. In case
z = (20, 21, 22) ¢ A, we project Z onto A, i.e. we choose as our estimated one-
locus IBD-probabilities the element of A closest to Z in Euclidean distance.
Local significance levels are estimated analogously as &jocal(T) = Quocal (T é)
The performance of this estimator depends on the accuracy of the esti-
mate 6 as well as the a-function itself, with respect to its parameters. One
attractive feature is that it is often conservative, rather than anticonserva-
tive. This follows since Z is based on the inheritance at Zl instead of at the
unknown position /1. Since these positions might differ, according to random
fluctuation of the NPL process, the IBD-sharing is generally overestimated
(Hossjer, 2003a). Using a regular score function, keeping the other parame-
ters fixed, this indicates conservative p-values. The level of conservativeness
depends on the difference between the real and estimated IBD-proportions,
z(1;) and 2(I;). Obviously this depends, for instance, on the length of the
genome region |Q2], the position of [; with respect to the chromosome C'(l;)

and the strength of the genetic effect.

Note 14 The least favourable distribution method corresponds to estimating
the genetic effect by 2 = (0,0,1) independent of the actual data and, im-
plicitly, the position of the assumed diseased locus. Although being the most
conservative approach for this case, it has the advantage of excluding the need
for IBD-sharing estimation.

We close this section by noting that o(T;6) is a consistent estimator of
a(T';0) when n — oc.
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6 Power Calculations

One way to compare the performance of different score functions in the sense
of its ability to detect an actual (two-locus) disease is to compute the power
(12). We perform power calculations under both simple and composite null
hypotheses using the score functions defined in (18). Our aim is to try to
get some insight regarding the choice of function and the effect of a possible
gene-gene interaction.

6.1 Simple Null Hypothesis

We perform local power calculations, i.e. [; and [, fixed, using the simple null
hypothesis (7). Explicitly, this is given by the matrix

0.0625 0.1250 0.0625
Hy: z=10.1250 0.2500 0.1250 |, (27)
0.0625 0.1250 0.0625

corresponding to no genetic component and no gene-gene interaction with
respect to the disease and loci [; and [s.

To calculate the power, we assume the presence of two distinct disease loci
with equally strong (one-locus) genetic effects,

Hy: 2'=22=(02,04,04), (28)
and define three different versions of the alternative hypothesis

0.04 0.08 0.08
Hig: z=[008 016 0.16 ], (29)
0.08 0.16 0.16

0.10 0.05 0.05
Hip: z= 1005 025 0.10 |, (30)
0.05 0.10 0.25

020 0 0
He: z=[ 0 040 o0 |. (31)
0 0 040
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Figure 1: Local power calculations for the eight score functions in (18) using
the simple null hypothesis, alternative hypotheses (29)-(31) and number of
ASPs n=25, 50 or 100 respectively. Significance level a = 0.00001. The
number of simulations are J=500000 (thresholds) and J=50000 (power).
Note: (i) The significance levels are only approximate due to the discrete
NPL score distributions. (ii) The power is approximated by simulation for
the unrestricted score functions and exact for the restricted score functions.
The latter approach is based on the assumption of binomially distributed
data, since then the ASPs are grouped according to their score (0 or 1).
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All three hypothesis have marginal (one-locus) probabilities satisfying
(28). The difference lies in the amount of IBD-sharing correlation (gene-
gene interaction). The hypotheses Hy4, Hip and Hic corresponds to no,
some and full interaction respectively. If (31) holds true, it is only possible
to jointly share exactly the same number of alleles IBD at both disease loci.

6.1.1 Results

We calculate the power with respect to the number of ASPs n. The results
are displayed in Figure 1 and a complete numerical review is given in Table
9-10 of Appendix C.

For all score functions but S;, power increases with increasing gene-gene
interaction of the alternative. Sg performs best for strong interaction (Hic),
S5 for moderatly strong interaction (H;p) and S7 for no interaction (Hya).
One may note that there is a natural ordering Sy — S, — Sy — S3 — S5
with respect to score function structure, where S5 gives the highest and Sg
the lowest weight to full IBD-sharing at both loci. Of these score functions
Sg has the lowest and S5 the highest power under all three alternatives. The
poor performance of S; under H,g and Hy¢ is explained by the probability
of having a positive score (0.55 for Hyp and 0.40 for Hyi¢) compared to the
probability under the null hypothesis (0.4375).

6.1.2 Discussion

One problem is that the genetic disease model is not known in advance,
making the choice of score function apriori difficult. Then trying to find a
robust score function that behaves acceptable under a wide range of genetic
disease models is attractive.

A possible approach is to use restricted score functions, either one robust
or a few contrasting ones to cover the space of disease models. Restricted
score functions are easily interpreted and have, given an appropriate choice,
good performance. The following definition gives a suggestion, which often
is close to optimal.

Definition 4 The best possible choice of restricted score function in terms
of statistical power is called the best restricted score function.

One situation when this kind of approach might be useful is when the search
for a single disease-causing locus has failed and standard two-locus anal-
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ysis assuming no gene-gene interaction gives negative answers. Assuming
two jointly present disease loci, one source of the preceding failures may be
the presence of IBD-sharing correlation. Using appropriate restricted score
functions will then, in many cases, be helpful for discovering the disease loci.

Note 15 For local tests the score function S(i,7)=log(zi1/%i0) is optimal,
in the sense that it maximizes the power according to Neyman-Pearsons
Lemma. Here we assume IBD-probabilities z;jo and z;;1 corresponding to
a simple null hypothesis and a fixed alternative respectively.

Given a restricted score function S, we refer to all (7, j) with S(i,7) =1
as the set of included cells. Note 15 suggests that the cells (i, ;) should
be included in decreasing order of z;;/z;j0. If n is large, the optimal set
of included cells can be found by normal approximation, as described in
Appendix D.

Example 5 Consider the standard null hypothesis in (27) and the alterna-
tive hypothesis Hy, based on two equally strong disease loci, z' =2%=(0.2,0.5,0.3),
with varying strength of the gene-gene interaction,

0.044+2 0.10—2z 0.06
Hy,: z=[010—2 025+2x 0.15|, —0.04 <z <0.10. (32)
0.06 0.15 0.09

We perform local power calculations searching for the best restricted score
function, i.e. the optimal selection of positive weights, with respect to several
versions of (32) and the results are given in Table 6.

Table 6: Local power calculations using 100 ASPs, significance level o = 0.01.

T Included cells: Best restricted | Power
0 {(2,2),(1,2),(2,1)} 0.2355
0.01 {(2,2),(1,2),(2,1)} 0.2355

0.02 {(2,2),(1,2),(2,1),(1,1)} 0.3018
0.05 {(2,2),(1,2),(2,1),(1,1)} 0.5454
0.10 {(2,2),(1,2),(2,1),(1,1)} 0.8935

For x = 0 a sequential inclusion of cells (2,2), (1,2) and (2,1) successively
increases the power to 23.55%. This selection is optimal for x = 0.01 as
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well, even though 2111 > 2110, since the increase is too low to positively affect
the power (0.2331<0.2355). Not surprisingly, for x > 0.02 the additional
inclusion of (1,1) leads to a further increase of statistical power. The greatest
consistent value x = 0.10 then corresponds to a relatively strong power of
89.35%.

6.2 Composite Null Hypothesis
6.2.1 Considering Power

Context Firstly, we perform global power calculations through simula-
tions, using a genome ) consisting of three chromosomes (C, Cy and Cj)
of equal length (|C|=|Ci|=|Cs|=|C3|=2 Morgans) and the composite null
hypothesis (9) with

A={(0.2,0.4,0.4), (0.25,0.5,0.25)}.

Calculations are made with respect to four different score functions Sy, Ss, S
and S; in (18), three distinct significance levels and, in analogy with Section
6.1, using the three alternative hypotheses (29)-(31) of varying IBD-sharing
correlation.

In order to easily compute the NPL thresholds corresponding to the sig-
nificance levels, we use three simplifying assumptions regarding the real and
estimated genetic models, # = (z,1y,[3) in Section 5.2.1 and 0 = (2,[1,l2)
in Section 5.2.2 respectively: (i) We consider 2 = 2z = (0.2,0.4,0.4)T
(0.25,0.5,0.25) as known. (ii) We consider /; and Iy to be positioned in the
middle of the chromosomes Cy and Cy respectively (i.e. at location |C|/2).
(iii) Given (i), we consider I; = [; as known.

Moreover, we perform similar simulation analyses using the minor assump-
tional adjustment: (ii)’ We consider /1 and [ to be positioned at the same
random location on C; and Cy respectively (uniformly distributed over the
interval [0, |C|]; new generated common location for each simulation). This
leads to estimates of the expected value of the power with respect to the
common disease loci position.

Results The results are displayed in Figure 2-3 and a total numerical re-
view is given in Table 11-12 of Appendix C. One may note that the calcula-
tions are performed only for the three stated alternatives but the results in
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Figure 2: Global power calculations for the score functions Sy, S, S5, S7
using 3 chromosomes of equal length 2 Morgans, a composite null hypothesis
with one disease locus 2!=(0.2,0.4,0.4), alternative hypotheses (29)-(31) and
number of ASPs n—=50. The significance levels are a=0.001, 0.01 and 0.05
respectively. The number of simulations is J=5000 (thresholds) and J=2500
(power).



6 POWER CALCULATIONS 28

0=0.001 a=0.01
1 1
08 08 ,
/
06 L7 06 7
/ /
o 04 ) 04 )
GJ 4 . 7/
. _
; 0.2 ’ 0.2 o7
(@] -7 ;/////‘
Q 0 - _| 0 T — -
O
O HIA H_1B H_1C H_1A H_1B H_1C
—
(@]
g_ 0=0.05
X
0 1
N~ s S
~ 08 4 1
m_ s
N Ve
W o6 7 ---5
7/
04 S S
0.2/-—/ . 57
0 — ==
H_1A H 1B H 1C

Alternative hypothesis

Figure 3: Global calculations of the expected value of the power with respect
to the (random) disease loci positions. For further details cf. the caption of

Figure 2.
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Figure 2-3 may be interpreted as linear interpolations with respect to the set
of alternatives

0.04+2x 008—2z 0.08—z
Hy,: z=|008—-2 01643z 016—-2x |, 0 <z <0.08. (33)
0.08 -z 0.16 -2z 0.16 + 3z

Considering Sy, So and Ss, the power (as expected) improves in the di-
rection S1 — Sy — S5 and Hiy — Hyp — Hic, whereas the results for S;
is poor and is decreasing with increased IBD-correlation. This is consistent
with the discussion in Section 6.1. Generally, the differences between the
results when using the assumptions (ii) and (ii)’ respectively are small.

6.2.2 Considering Significance Levels

Context Secondly, for all score functions in (18) we use the estimated sig-
nificance levels o under the simple null hypothesis (7) and compare it with
the corresponding significance levels a; (9), using the same thresholds, un-
der three distinct composite null hypotheses, see Figure 4. Here our genome
consists of five chromosomes of equal length (]C|=2 Morgans) and the loca-
tion of the disease locus {; is assumed to be in the middle of C;. Similar
simplifying assumptions as in Section 6.2.1 are used.

Moreover, we perform additional simulations assuming [; to be positioned
at a random location (uniformly distributed over the interval [0, |C|]; new
generated location for each simulation). This leads to estimates of the ex-
pected value of a; with respect to the disease locus position, cf. Figure 5.

Results The results show that the discrepancy between oy and «; might
be severe, which shows that (7) and (9) give very different p-values under a
strong one-locus genetic component. Hence, the inclusion of a disease locus
in the null hypothesis leads to a considerable loss of power. Generally, the
differences between the results using a disease locus of fixed versus random
location are small.

Note 16 In most cases the significance level discrepancy is enlarged with
increasing (disease locus) IBD-sharing. The only exception from this rule is
the results for Sg. The reason for this behaviour is that this score function is
not reqular since (16) is not satisfied.
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Figure 4: The significance levels using a simple null hypothesis versus the
corresponding level for composite alternatives (9) with 6 = (2,1), z = (21)7 *
(0.25,0.5,0.25), 2 € A = {(0.2,0.4,0.4),(0.2,0.5,0.3), (0.25,0.5,0.25)}, [ =
(l1,13) and [ located in the middle of the first chromosome. Throughout,
we use pedigree sets with n—=100 ASPs, score functions 5;-Sg and a genome
Q) consisting of 5 chromosomes of equal length 2 Morgans. The significance
levels of the simple null hypothesis are ap=(0.2,0.05,0.005). The number of
simulations is J=2000. Note: Using a grid of thresholds T, we choose the
threshold T as the smallest one giving rise to significance levels less than
or equal to the appropriate ag. This explains why some values seem to be
improperly small, e.g. that the dotted line above doesn’t exactly follow the

diagonal oy = aj.
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Figure 5: The significance levels using a simple null hypothesis versus the

expected value of the corresponding level for composite alternatives (9) with

respect to the uniformly random disease locus position. For further details
cf. the caption of Figure 4.
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7 Discussion

We have proposed an approach to simultaneous two-locus genome-wide (global)
NPL-based search. It should be noted however that at present looking at
a whole genome is very computer-intensive, although we believe that our
method is feasible for looking for two-locus linkage and gene-gene interac-
tions over a few chromosomes, where the candidate chromosomes are then
suggested by other means.

The main topics of this article are: (i) Within a general framework for
two-locus score functions, we are able to give conservative bounds on type-1
errors. In Theorem 1 we give asymptotic p-values for testing the composite
null hypothesis Hj of no joint genetic effect against the alternative of a joint
effect. Asymptotic or simulation-based approximations of these p-values are
easy to implement and, moreover, applicable for a wide class of score func-
tions. (ii) Comparisons between simple and composite null hypotheses. The
choice of null hypothesis greatly influences the power of the tests. A sim-
ple null hypothesis leads to more powerful tests, but on the other hand the
class of alternative hypotheses is so large that a rejected null hypothesis is
less informative than for a composite null hypothesis. (iii) Investigations
of the effect of gene-gene interaction. For many score functions, gene-gene
interaction greatly increases power.

Moreover, we are aware of the fact that all our examples, for instance some
cases based on (32)-(33), do not fulfil the two-locus IBD-sharing inequalities
given in Bengtsson (2001). Though we believe that to choose somewhat
exaggerated examples might be justified according to our aim of clearly and
simple presenting the corresponding principles and implications.

Finally, a few words on some alternative methods, of various degree of
similarity to our approach, which are plausible to use within the same con-
text:

I Replace the estimates Z at I by the corresponding pedigree-specific
NPL scores Zi(l;) (i = 1,2,...,n). In practice, this reflects a score
peak of fixed rather than of random height and might be considered to
be an instance of a conditional NPL analysis approach.

IT Knowledge (or assumption of) a one-locus disease model (i.e. the pene-
trance vector, disease allele frequency and disease locus position) makes
it possible to calculate # under Hy, avoiding the need to estimate, or to
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choose a least favourable, genetic model when calculating significance
levels.

IIT A conceptually different approach would be to use the two-locus ver-
sion of the MLS method (Cordell et al., 1995) to test similar null
hypotheses.
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A One-Locus Allele-Sharing Probabilities

One-Locus Case We will now give some explicit standard results con-
cerning the probabilities appearing in (1). Similar formulas are given in e.g.
Suarez (1978) and Nilsson (2001). In Table 7 the six distinct genotype config-
urations are presented and the (a priori) probabilities of these parental con-
figurations (PG) and the probability of an ASP given such SGs are displayed.
Under the assumptions of random mating and Hardy-Weinberg equilibrium
the former only depends on the disease allele frequency, whereas the latter is
a function of the disease penetrances only.

Table 7: Number, structure, a priori probabilities and the probability of an
ASP with respect to the possible distinct genotype configurations.

No. | PG or SG | P(PQG) P(ASP|SG)
1 | DD-DD | 72

> |DD-Dd | 4P(1-p) | Aif

3 Dd-Dd 4p?(1 —p)? | f}

4 |DDdd | 22(0-p)? | fofs

5 | Dddd | 4p(1l—p) | fofs

6 dd-dd (1—-p)* G

Next, in Table 8 we present the probabilities for the SGs conditional on
the PGs. Obviously, not all the joint SG-PG outcomes are theoretically con-
sistent, i.e. some outcomes are assigned a zero probability, forcing the corre-
sponding conditional probabilities to equal 0. Moreover, the corresponding
IBD-probability vector is given for all possible genotype combinations.

Two-Locus Case We restrict ourselves to making some remarks on the
necessary generalizations with respect to the one-locus case. Comparing with
Table 7 this includes: (i) The number of distinct configurations increases to
62 = 36. (ii) The probabilities P(PG) depend on two disease allele frequen-
cies p; and py, corresponding to [y and [y respectively. (iii) The conditional
probabilities P(ASP|SG) depend on the two-dimensional penetrances in (3).

Regarding Table 8 the updating implies: (i) The number of possible
(grouped) SGs for each PG configuration ranges from 1 to 36. (ii) The
positive probabilities P(SG|PG) are on the form z/256, x € {1,2,...,256},
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Table 8: Probabilities of (IBD = 0,/BD = 1,IBD = 2) given the jointly
possible combinations of parental genotypes (PG) and sib-pair genotypes

(SG).

PG | Possible SGs | P(SG|PG) | P(IBD|PG, SG)
1 DD-DD 1 3.3, 1]
2 DD-DD 1 0,1,
Dd-DD 1 3,1,0]
Dd-Dd : 0,14
3 DD-DD i [0,0, 1]
Dd-DD . [0,1,0]
Dd-Dd = 2,0, 3]
DD-dd 2 [1,0,0]
Dd-dd 4 [0,1,0]
dd-dd L 0,0,1]
4 Dd-Dd 1 3.3 3]
5 Dd-Dd 1 0,5, 3]
Dd-dd 1 [5:3:0]
dd-dd L [0, 3, 3]
G dd-dd 1 (35

since the number of nongrouped configurations is 256. (iii) The conditional
IBD-probabilities P(IBD|PG, SG) are given as 3x3 matrices rather than as
vectors.

B Proof of Theorem 1

Here we prove the statements (22)-(23) involving the least favourable distri-
bution in Hy and its significance level for the global test (20).
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Proof: Firstly, note that the validity of the proposition regarding the
least favourable distribution (z, or z,) follows from the regularity of the
score function and that the (one-locus) p-value is an increasing function of
the chromosome length.

Secondly, define s; = (5(2,7) — pu)/o for i = 0,1,2. Then, if |Cy| < |Cy,
under the least favourable distribution z, at locus Iy € Cy, x — Z(ly,x)
behaves as a one-locus NPL process on Cy, with standardized score function
S satisfying S(i) = s;, i = 0,1, 2. Since the score function is regular

ncliiec, P ) = g 200 ) @
under the least favourable distribution. Put U,(z) = Z(l1,x). Then from
results in Hossjer (2005¢) one finds that the covariance function of U, satisfies

1 1
ru, (1) = (s9 — 30)2§ exp(—4t]) + (s2 — 251 + 80)21—6 exp(—8|t|) (35)

independently of n under the least favourable distribution. As n — oo,
U, converges weakly to a Gaussian limit process U with covariance func-
tion (35), see Hossjer (2005¢) for details. This limit process is a mixture of
two Ornstein-Uhlenbeck processes. By (22), (34), (35) and the Continuous
Mapping Theorem we obtain (23).

Similarly, if |Cy| > |Cy|, under the least favourable distribution z;, at locus
lo € Cy, x — Z(x,ls) behaves like a one-locus NPL process on Cj with
the same score function S. The rest of the proof is analogous to the case
|C1] < |Cal. u

Note 17 From (35) we also get the crossover rate

1 1
p=—15(0)/2= 7 (52— 50> + S (52— 251 + 50)° (36)

of the limit process U, which is used to approrimate the global significance
level (c¢f. Lander and Kruglyak, 1995).

C Detailed Power Calculation Results

Here we give a complete presentation of the power simulation results previ-
ously displayed in Figure 1 (Table 9-10) and Figure 2-3 (Table 11-12).
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Table 9: Local power calculations using 25, 50 or 100 ASPs, a simple null

hypothesis under three alternative hypotheses and score functions S; — ;.
Significance level o = 0.00001 (cf. Figure 1).

S1 S Ss Sy
Hyp: N =100 | 0.3695 0.2663 0.2689 0.0677
N =50 |0.0624 0.0397 0.0773 0.0106
N =25 |0.0128 0.0149 0.0102 0.00164
Hip: N =100 | 0.3887 0.7916 0.8709 0.7261
N =50 |0.0965 0.2535 0.4496 0.2192
N =25 10.0307 0.0900 0.0993 0.0348
Hic: N =100 | 04211 0.9983 0.9998 0.9999
N =50 |0.1491 0.8112 0.9477 0.9449
N =25 100676 0.4253 0.5393 0.4494

Table 10: Local power calculations using 25, 50 or 100 ASPs, a simple null
hypothesis under three alternative hypotheses and score functions S5 — Ss.
Significance level o = 0.00001 (cf. Figure 1).

Ss Se Sy Sg

Hya: N =100 | 0.2424 0.0000270 0.4624 0.00368
N =50 | 0.0929 0.0000426 0.0903 0.00159
N =25 |0.0121 0.0000480 0.0255 0.000215

Hyp: N =100 | 0.9370 0.3822 0.0272 0.0755
N =50 | 0.6184 0.1013 0.00449 0.0183
N =25 | 0.1494 0.0216 0.00231 0.00157

Hic: N =100 | 0.999998 0.99999999992 0.000000392 0.8109
N =50 | 0.9943 0.9997 0.00000113  0.3073
N =25 | 0.7265 0.8909 0.00000816  0.0274
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Table 11: Global power calculations using 50 ASPs, a composite null hypoth-
esis under three alternative hypotheses and score functions Sy, Ss, S5 and S;.
The disease loci [; and [, are located in the middle of the first chromosome
(' and second chromosome C) respectively.. Significance level «=0.001, 0.01
or 0.05 respectively (cf. Figure 2).

N=50 Sh S Ss S7
Hia: «a=0.00110.0184 0.0196 0.0116 0.0088
a=0.01 | 0.0964 0.0836 0.0580 0.0616
a=0.05 | 0.2448 0.2100 0.1168 0.1908
Hip: «a=0.001 1 0.0348 0.1604 0.2016 0.0008
a=0.01 | 0.1240 0.3424 0.4124 0.0100
a=0.05 | 0.2760 0.5256 0.5516 0.0648
Hic: «a=0.001 1 0.0720 0.6500 0.8968 0.0000
a=0.01 | 0.1632 0.8240 0.9692 0.0048
a=0.05 | 0.2936 0.9140 0.9864 0.0400

Table 12: Global calculations of the expected value of the power with respect
to the (randomly located) disease loci positions (cf. Figure 3). For further
details cf. the caption of Table 11.

N=50 S1 So Ss S7
Hisp: «=0.001 1 0.0132 0.0268 0.0240 0.0100
a=0.01 | 0.0684 0.0824 0.0492 0.0580
a=0.05 | 0.1796 0.1760 0.1088 0.1996
Hip: «=0.001 | 0.0320 0.1592 0.2876 0.0000
a=0.01 | 0.0900 0.3064 0.4436 0.0108
a=0.05 | 0.2228 0.4692 0.5792 0.0684
Hic: «a=0.0011 0.0648 0.6732 0.9424 0.0000
a=0.01 | 0.1448 0.8424 0.9704 0.0064
a=0.05 | 0.2712 0.9164 0.9864 0.0332
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D Criteria for Further Inclusion of Cells

Let A be the collection of cells (7, j) with S(i,7) =1 and define

aw=a(d) =Y zp= P((IBD(ll),IBD(ZQ)) €Al Hk>, k=0,1.

i,jJEA

According to the discussion in Section 6.1, choose A = {(4, j); 2ij1/2ij0 > t}
for some (variable) threshold ¢. Let Z" denote the nonstandardized NPL
score based on n ASPs. Assume that n is large enough for a normal approx-
imation of the binomial Bin(n,p)-distribution (p € [zg, 21]). Then, the null
hypothesis is rejected for a pointwise test with significance level « if

Yy — AL nzi > )\a Zo(l — Zo) 4 \/ﬁ 20 — 21 ’ (37)
Vnzi(1—z1) 21(1 = 21) 21(1 — z1)

where Y has approximately a standard normal distribution under H; and
Ao = ®71(1 — ) is the standard normal quantile corresponding to the sig-
nificance level a. Hence the power is 1 — ®(y), where y is the right-hand side
of (37). The optimal choice of A, in terms of pointwise power, is found by
minimizing y.



